AN EXAMPLE OF THE LANGLANDS CORRESPONDENCE FOR 
IRREGULAR RANK TWO CONNECTIONS ON P 1 . 
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Abstract. Special kinds of rank 2 vector bundles with (possibly irregular) 
connections on P 1 are considered. We construct an equivalence between the 
derived category of quasi-coherent sheaves on the moduli stack of such bundles 
and the derived category of modules over a TDO ring on certain non-separated 
curve. We identify this curve with the coarse moduli space of some parabolic 
bundles on P . Then our equivalence becomes an example of the categorical 
Langlands correspondence. 



1. Introduction 

Let Conn(X,r) be the moduli space of rank r vector bundles with connections 
on a smooth complex projective curve X. Let Bun{X, r) be the moduli space of 
rank r vector bundles on X. The categorical Langlands correspondence for GL(r) is 
a conjectural equivalence between the derived category of O-modules on Conn(X, r) 
and the derived category of ©-modules on Bun(X, r). We refer the interested reader 
to [Frell §6.2]. 

This correspondence has been proved by one of the authors in the settings of 
rank two bundles equipped with connections with four simple poles on X = P 1 
(cf. [Ari2] ). In this case, the space Bun(X,r) should be replaced by the mod- 
uli space of bundles with parabolic structures. More precisely, |Ari2] works with 
SX(2)-connections and PGL(2)-bundles. (See |Fre2) for a discussion of the ramified 
Langlands program.) 

In this paper we extend the results of |Ari2j to the case when the ramification 
divisor still has degree four but we allow higher order poles as long as leading terms 
are regular semisimple (see Theorems [3] and [2J . This provides an example of the 
categorical Langlands correspondence for connections with irregular singularities. 

In [FGj , Frenkel and Gross present an example of the Langlands correspondence 
for a different kind of irregular singularities. It is instructive to compare the two 
settings. Unlike the present paper, the results of Frenkel and Gross apply to ar- 
bitrary group G, not just G = GL(2). The ramification considered is in a sense 
the simplest nontrivial: the ramification divisor has degree three. It is proved 
in |FG] that in these settings, there is a unique up to isomorphism local system 
with prescribed singularities. In other words, the counterpart of the moduli space 
Conn(X,r) consists of a single point. In particular, the category of O-modules on 
this space has a unique irreducible object, the structure sheaf of this point. The cor- 
responding category of automorphic D-modules (the counterpart of the category of 
D-modules on Bun(X, r)) also has a unique irreducible object f }FG] Sections 3, 16). 



Key words and phrases, the Langlands duality; Moduli spaces; Connections with irregular 
singularities; Parabolic bundles. 
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The categorical Langlands transform sends the two irreducible generators into each 
other. 

The present paper studies the 'next simplest case': the ramification divisor has 
degree four. The moduli space of local systems is a surface, and the categorical 
Langlands transform is an equivalence, similar to the Fourier-Mukai transform. 

The techniques used in our argument are similar to that of |Ari2j but more 
conceptual. We hope that the present proof is more suitable for generalizations to 
divisors of higher order and to the higher genus case. 

Remark. In positive characteristic, a different approach to Langlands correspon- 
dence was discovered by Bezrukavnikov and Braverman. In |BB2| . they construct 
a version of the categorical Langlands correspondence. In [Nevj , Nevins uses these 
ideas for connections with regular singularities. 

Our argument requires two steps that may be of independent interest. Firstly, 
in <J3] we prove that the moduli space of connections with possibly irregular singu- 
larities has a good moduli space in the sense of | Alp| ; we also construct a modular 
projective compactification of this space, see Theorems H] and [7J This is an extension 
of Simpson's results |Simll ISim 2 , Sim3 . 

Secondly, in $5] we study the compactified Jacobians of singular degenerations of 
elliptic curves, see Proposition 15. 71 and construct a Fourier-Mukai transform, see 
Theorem [5J 

Finally, we want to note that our moduli spaces of connections are the moduli 
spaces of initial conditions of Painleve equations. More precisely, the case of regular 
singularities corresponds to Painleve VI, while the cases of irregular singularities 
correspond to Painleve II-Painleve V, see [OOj . 

1.1. Conventions. We work over the ground field of complex numbers, thus P 1 
means Pj., a 'scheme' means a 'C-scheme' etc. All schemes and stacks are locally 
of finite type. 

1.2. Acknowledgments. We benefited from talks with many mathematicians. 
The second author wants to especially thank David Ben-Zvi, Roman Bezrukav- 
nikov, Ivan Mirkovic, Emma Previato, and Matthew Szczesny. 

The first author is a Sloan Research Fellow, and he is grateful to the Alfred 
P. Sloan Foundation for the support. 

2. Main Results 

Let 35 := Yl n i x i be a divisor on P 1 = Pj, with > 0. Let L be a rank 2 vector 
bundle on P 1 , V : L — >• L ® fi F i(S)) a connection on L with polar divisor ID. We 
call such pairs (L, V) connections for brevity. 

Choosing a formal coordinate z near xt and a trivialization of L on the formal 
neighborhood of x^, we can write V near Xi as 

dz 

d + a—^- + higher order terms, a € flt(2). 

In the case rii > 1 the connection will be called non-resonant at Xi if a has distinct 
eigenvalues; in the case Uj = 1 the connection will be called non-resonant if the 
eigenvalues do not differ by an integer. The connection will be called non-resonant 
if it is non-resonant at all Xi. Up to scaling, the conjugacy class of a does not depend 
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on the choices. Thus the notion of non-resonant connections does not depend on 
the choices. 

2.1. Moduli stacks. Let (L, V) be a non-resonant connection, then in a suitable 
trivialization of L over the formal disc at Xi the connection takes a diagonal form 



where af are 1-forms on the formal disc. The polar parts of these 1-forms do not 
depend on the trivialization of L, thus we shall call them the formal type of V at x t . 

Fix D and for each i polar parts af of 1-forms at Xi. Assume that these polar 
parts satisfy the following conditions 

(a) The order of the pole of af is at most Hi, the order of the pole of af — a~ is 
exactly m. 

(b) d := — J2i re ^{af + a~) is integer. 

(c) Yli res a f & (Here for each i there is exactly one summand af , and the 
choices of signs + and — are independent.) 

(d) If rii = 1, then resa+ — resa~ ^ Z. 

Let A4 = M.(D, af) be the moduli space of connections (L, V) such that V has 
formal types af at Xi . Note that such a connection is non-resonant by (jaj) and fd} . 
Also, L has degree d by jb|. 

From now on we assume that deg2) = 4. 

Theorem 1. The moduli space M is a smooth connected algebraic stack of dimen- 
sion 1. It is a neutral G m -gerbe over its coarse moduli space M; besides, M is 
a smooth quasi-projective surface. 

This theorem will be proved in <2] 

Let Qcoh(A^) be the category of quasi-coherent sheaves on Ai. Since M. is 
a G m -gerbe, we obtain a decomposition 



where T € Qcoh(A / J) < - l - ) if t G G m acts on T as t % . Let V b (Ai) be the corresponding 
bounded derived category. By definition, objects of T> b (A4) are complexes of Om~ 
modules with quasi-coherent cohomology. It follows from |AB[ Claim 2.7] that 
T> b (A4) is equivalent to the bounded derived category of Qcoh(A^). Thus we also 
have a decomposition 



It is easy to see that T € V b {M) {i) if and only if H'{F) G Qcoh(VW) w . 

2.2. Twisted differential operators. Denote by p : P — > P 1 the projective 
line with points Xi doubled. In other words, P is obtained by gluing two copies 
of P 1 outside the support of 2). Denote the preimages of Xi by x~ and xf. Let 
j : P 1 — D <-)■ P be the natural embedding. This notation will be used throughout 
the paper. 

The main result of the present paper is that T> b {M)^~ 1 ^ is equivalent to a cat- 
egory of twisted D-modules on P. To give a precise definition of this twist, recall 
that the isomorphism classes of sheaves of rings of twisted differential operators 



(2.1) 




Qcoh(TW) = IjQcoh(.M)W, 



V b (M) =Y[v b (M) {l) . 
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(TDO) on a smooth (not necessarily separated) curve are classified by the first 
cohomology group of the sheaf of 1-forms. 

Lemma 2.1. Denote by u>i the vector space of polar parts of 1-forms at Xi 6 P 1 . 
Then 

ff 1 (p,fl P ) = ce0w i . 

i 

Proof. Let Df be the formal disc at xf. These discs, together with P 1 — 35, give 
a cover of P; let us use the corresponding Cech complex. We see that a 1-cocycle is 
a collection fir of 1-forms on punctured formal discs, and one easily checks that the 
map (f3 i ) i— > ( J2i res (X + + fii)ifit — Pi) induces the required isomorphism. □ 

Using this lemma, we define the sheaf of differential operators on P twisted by 
(— d, af — otj)\ denote it by CDp >a . In other words, it is given by the 1-cocycle (af). 

2.3. The integral transform. Let £ = (L, V) G M. Denote by £ Q the Dp,a~ 
module generated by p*£. More precisely, £ Q := j!*(£|pi_£)), where ji* is the middle 
extension for CDp Q -modules. Since £|pi_£> is a 25pi_j)-module, and the twist of Dp a 
is supported outside of P 1 — 35, is well defined. 

Remark 2.2. Let us describe the restriction of £ a to p~ 1 (D i ), where D t is the formal 
disc centered at Choose 1-forms a ± with polar parts af. According to (|2.1[) . 
the restriction of £ to Di is isomorphic to 

(0 Di , d + a" ) ® (0 Di ,d + a + ). 

Now one checks easily that 

£a\ DT ~ (0 D -,d + 5-)e(0 6 ,d + 5 + ), 

£ a \ D + ~ (O 6 ,d + 5-)0 (0 D +,d + a+), 

where £) C is the punctured formal disc. 

Note that formal normal form exists for families of connections, and it is constant 
for families in M. Thus our middle extension construction still makes sense for 
families of connections in A4. Hence we can apply it to the universal family £ 
on Ai x P 1 , getting an .M-family of Dp )Qr modules. In other words, £ Q is an 
Om 25p, Q -module on Ai x P. Thus £ a gives rise to an integral transform from 
V b (M) to the derived category of 2)p Q -modules. 

Denote the natural projections of Ai x P to Ai and P by p\ and p2 respectively. 

Theorem 2. Let d be an odd number. Then the functor 

is an equivalence between T> b (Ai)^ 1 * 1 and the bounded derived category o/Dp jQ ,- 
modules. 

Theorem [2] is the main result of the paper; we prove it in § ^2.51 l8l 

Remark 2.3. (a) It is easy to see that the restriction of <&m^p to T> b (Ai)^ is zero 
unless i = — 1. 

(b) On the other hand, T> b (A4)^ depends only on parity of i. Indeed, fix x € P 1 — 35, 
and let S x be the line bundle on Ai whose fiber at (L, V) is equal to det L x . Then the 
tensor product with 8 X provides an equivalence between V b (Ai)^ and V b \JVl)^ +2 \ 
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(c) Assume that D = ^2 riiXi is not even, that is one of the numbers rn is odd, 
then all the categories V b (A4)^ are equivalent. Indeed, let n, be odd, and for 
(L, V)gM let rji be a unique level parabolic structure at x, compatible with V 
(see Definition 12.41 and £|4.3p . Tensoring with the line bundle whose fiber at (L, V) 
is det rji, we get an equivalence between the odd and the even components of the 
derived category. 

(d) In fact our theorem is also valid if d is even but 23 is not even. Indeed, let rii 
be odd and define a collection fif of polar parts of 1-forms by 

dz 

Pi =a++ m — , fir = «■ , pf = af for i^j. 

Then a modification at Xi provides an isomorphism M.(a) ~ M.{0), and we can 
apply the theorem to M.(f3). (See ^4.4l for the definition of modification.) It remains 
to notice that the category of Dp !Q ,-modules is equivalent to the category of Dp,/3- 
modules: the equivalence is given by tensoring with a line bundle. 

2.4. The Langlands Correspondence. 

Definition 2.4. Let L be a rank 2 vector bundle on P 1 . A level-D parabolic 
structure on L is a line subbundle 77 in the restriction of L to 53 (we view 23 as 
a non- reduced subscheme of P 1 ). We call a bundle with a parabolic structure 
a parabolic bundle. 

Let Bun(d v ) = Bun(P 1 , 2, d v , 23) be the moduli stack of rank 2 degree e? v vector 
bundles on P 1 with level- 2) parabolic structures. (We reserve notation Bun for its 
open substack of bundles without non-scalar endomorphisms, cf. £14.31 ) 

Let C[23] be the ring of functions on the scheme 23, C[23] x be the group of 
invertible functions; this is an algebraic group. Choosing local coordinates at the 
points Xi, we get an isomorphism 

C[S]* =Y[(C[z}/z n ')\ 

i 

Let 7r : i] un i V — > Bun(d y ) be the C[D] x -torsor whose fiber over (L, rj) £ Bun(d y ) is 

{s e H°(®,ri)\ s{xi) ^ for all i}. 

The collection af of polar parts of 1-forms can be viewed as an element of 

(Lie(C[2)] x )) v =C[D] V 

via the residue pairing. Thus it gives rise to a TDO ring on Bun(d v ) through 
non-commutative reduction of the sheaf of differential operators on the total space 
of riuniv (see SJ9J}. We denote this TDO ring by 2>g^( d v) Q+ . 

Similarly, we define a C[D] x -torsor r)' univ whose fiber over (L,rj) € Bun{d y ) is 

{s G H°(S, {L\j})/Tj)\ sfa) i= for all 1). 
Denote the TDO ring corresponding to rf univ and the collection by 2>g^( d v) Q _ . 
Let ^^(dv)^ be the Baer sum of the TDO rings %^ (dV) Q+ and :%^ (dV) a _. 

Theorem 3 (the Langlands correspondence). Assume that d is an odd num- 
ber. Then I? f> (A / l)^ _1 ^ is equivalent to the bounded derived category ofD-g^,^ a - 
modules. 

Theorem |3] is derived from Theorem [2] in fj9] 
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Remark 2.5. (a) Let us discuss the notion of the derived category of ^ a - 

modules. Note that Bun(—\) is a (smooth) algebraic stack, so this notion is not 
immediate. 

As we show in $9] the category of Dg^^-g Q -modules is equivalent to a category 
of twisted D-modules on P (in fact P is the coarse moduli space of a certain open 
subset of Bun(— 1)). Thus we shall view the derived category of twisted D-modulcs 
on P as the definition for the derived category of Dg^^^ Q -modules. (See also 
the discussion in SJ5]) 

(b) In general, we expect an equivalence of categories between V h (M) {d '" ) and 
the bounded derived category of Dg^v^v) ^-modules. This statement follows from 
Theorem [3] if d y is odd. Indeed, pick x e P 1 — £), then (L 7 i]) H> (L(x),n) is an 
isomorphism between Bun(d v ) and Bun(d v + 2). It remains to use Remark l2.3ljb| . 

(c) We also have the desired equivalence if 2) is not even. Indeed, let rn be odd. 
Modification at Xi gives an isomorphism Dg^ (dV ) jQ — ^Bmfdy+m)^' where /3 is 
obtained from a by swapping af and a~ . It remains to use the previous remark, 
Remark l2.3t lcj). and the obvious identification A4(a) = Ai((3). 

2.5. The plan of proof of Theorem [2j Theorem [2] reduces to two orthogonality 
statements. 

Let P12 : PxPxM^-PxP and p\s,,P2z :FxFxM->PxMbe the 
projections. Let £ v be the vector bundle on P 1 x A4 dual to £. Since it has a 
connection along P 1 , we see that :— (£ V )- Q is a Dp_ Q KlO^vi-rnodule on P x A4. 

Set Tp := (pl 3 ^a) <8> (P23?q)- Here p* 3 and P23 stand for the O-module pull- 
back (from the viewpoint of D-modules, these pullback functors should include a 
cohomological shift). Note that £, a is a flat Op X A4- m odule (see Remark |2.2[) . hence 

(pU a ) ® = (Piafa) ® L (P3sf«)- 

Further, Rp\2.*Tp is an object of the derived category of p\T>p. a ® p'1>p,- a - 
modulcs, where pi,p2 : P x P P are the projections. Here p* (resp. ©) stands 
for the inverse image (resp. Baer sum) of TDO rings (the corresponding functors 
on Lie algebroids are described in [BB1] L 

Theorem 4. Rpvi^Tp = Sa[— 1], where A C P x P is the diagonal, and 5a is the 
direct image of Oa as a Ts A-module. 

Remark 2.6. In general, for a map / : X Y and a TDO ring Di on 7, there 
is a functor /+ : V b (fD 1 ) -> X> h (Di), where r> b (Di) is the bounded derived 
category of Di-modulcs. For the embedding i : A P x P, one easily checks 
that ?*(p*Dp >a ® p^T>p,-a) is the (non-twisted) differential operator ring Da, so 
(5a := «+(Oa) is well defined as a pJDp a ©p'D^-a-module. 

By Theorem [U £ a is an orthogonal P-family of vector bundles on A4. To obtain 
an equivalence of categories, one should also show that £ a is orthogonal as an 
.M-family of Dp )Q -modules. Let us give the precise statement. We follow closely 
S. Lysenko's unpublished notes |Lys| . 

Consider Tm '■= Pi^a <8> P23^a (here pi3,_P23 -Mx-MxP^MxP are the 
projections). 

Tm can be viewed as a family of Dp-modules parameterized by M. x A4. Con- 
sider the de Rham complex of Tm in the direction of P 

DR(Tm) = BMpC-Fm) '■— (Tm —> Tm ® ^a^xa^ixp/a4xai)- 
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Our aim is to compute Rp\ 2 ,* IMR(.Fm)- 

By TheoremHJ A4 x A4 is a G m x G m -gerbe over a scheme, so G m x G m acts on 
any quasi-coherent sheaf J- on A4. Therefore, J- can be decomposed with respect 
to the characters of G m x G m . Denote by the component of fF corresponding 
to the character tp : G m x G m — > G m defined by (ti,t 2 ) n- t 1 /t 2 . 

Let diag : AA —> AA x AA be the diagonal morphism. 

Theorem 5 (S. Lysenko). Rp 12 .* BR(F M ) = (diag* 0.m)^[-2]. 
Remark 2.7. Note that At is a G m -torsor over diag(AJ). Thus 

diag„ M = (J)(diag„ M ) r ■ 

iGZ 

Objects of T> b (M x Af) define endofunctors on V b {AA). Let us consider the 
functors corresponding to the components of diag„ Om ■ Clearly, 

V b (AA) — > V b (M) : T H> i?p 2 ,*((diag H , M ) ® vX?) 

is isomorphic to the identity functor. It is easy to see that the functor 

V b (M) -> 2? 6 (A1) : T i-> i?p 2 ,*((diag„ 0^)*' <8> pj J") 

is isomorphic to the projection V b (AA) — > P b (A / J)^ J - > . 

Proof of Theorem^ The inverse to the functor "I^^p is given by 

$ P ^A4 :J r ^Rpi,* ©M(C ® rfJ 7 ) [2] . 

Indeed, using base change and TheoremHl one checks that the composition ^>m^p° 
$p^,m is isomorphic to the identity functor. Similarly, it follows from Theorem [5] 
and Remark I2.7I that the composition Qp^M o <j>^vi_j.p is isomorphic to the projec- 
tion V b {M) -> ^(At)^ 1 ). □ 

3. A COMPACTIFICATION OF MODULI SPACES OF CONNECTIONS 

In this section, we compactify a moduli space of connections with singularities 
following C. Simpson ( |Siml 1 ISim2[ ISim3] ) . 

In [Sim3]. C. Simpson constructs a natural compactification of the moduli space 
of vector bundles with connections on a smooth projective variety A. We consider 
the case when X is a smooth projective curve. In this case it is not hard to generalize 
the result to the case of connections with singularities (we use |Sim2j ). Then we 
prove that the compactification is in fact projective (note that for varieties of higher 
dimension projectivity of the compactification is not known). Our description of 
the divisor at infinity is also more explicit than in |Sim3] . 

The compactification is constructed in the following generality. Let A be a 
smooth complex projective curve, r a positive integer, d an integer, and 35 an 
effective divisor on X. Denote by Af — Af(X, r, d, 35) the moduli stack of pairs 
(L, V), where L is a vector bundle on A of rank r and degree d, and V : L — > 
L (g) fix (35) is a connection on L with the order of poles bounded by 35. Our goal 
is to construct a compactification of the semistable part of Af. 

Fix A, r, d, and 35. 
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3.1. e-connections. The compactification is constructed as a moduli space of 
P. Deligne's A-connections. Recall the following 

Definition 3.1. Let L be a vector bundle on X. For a one-dimensional vector 
space E and e € E, an e-connection on L is a C-linear map V : L — > L (g) fix ®c E 
such that 

V(/s) = /Vs + s ® d/ <g> e for all / e Ox, s G L. 
More generally, an e-connection on L with poles bounded by D is a map V:L-> 
£ (g) fijf (J)) <g)c satisfying the same condition. 

Denote by Af = Af(X, r, d, J)) the moduli stack of collections (L, V;£ 6 E), where 
L is a vector bundle on X of rank r and degree d, and V is an e-connection on L 
with poles bounded by 2). This is an algebraic stack, the proof is similar to [Fedl 
Proposition 1]. 

Definition 3.2. (L, V;e G E) G Af is semistable if for any non-zero V-invariant 
subbundle L<j C L we have 

deg L d 
rkLo — r 

Further, (L, V;e G S) is nilpotent if e = and V = 0. Note that if e = 0, V is 
Ox-linear, so V makes sense as a map L — » L <g> (fix (23) <8c E)® r . Equivalently, 
(L, V; e G E) is nilpotent if there is a flag of subbundles 

= L C Li C • • • C L k = L 

with V(Li) C <g> ^x(S) <8>c 

Let A/" C A/" be the open substack of semistable e-connections. 
Also, let N C TV be the open substack of semistable e-connections that 
are not nilpotent. 

Taking E = C, e = 1, we see that connections are particular cases of e- 
connections. Moreover if e 7^ 0, there is a unique isomorphism E — > C such that 
ml. It follows that the open substack of AT corresponding to e-connections with 
e 7^ parameterizes all connections (L,V), where L has rank r and degree d, V 
has poles bounded by D. Thus this substack can be identified with Af. 

We use the theory of good moduli spaces developed by J. Alper (see |Alp| ) . By 
definition, a quasi-compact map p : S — » S from a stack S to an algebraic space S is 
a good moduli space if the direct image functor p* is exact on quasi-coherent sheaves 
and p*Os — O5. In particular, this notion reduces to the notion of quotient in the 
sense of geometric invariant theory when S is the quotient stack of a scheme by 
an action of an algebraic group (see \Hp\ Theorem 13.6]). Note that by [Sip) 
Theorem 4.16(vi)] p is universal among maps to schemes. 

Theorem 6 (cf. Theorem 11.3 of |Sim3j ). (a) There is a good moduli space (in the 
sense of Alp ) p : M — > N such that N is a complete scheme. 

SS SS TITl 

(b) SetAf ss =Af HAf = Af ' nAf, thenAf ss has a good moduli space N, which 
is an open subscheme of N (so N is the moduli space of semistable bundles with 
connections) . 

Remark 3.3. Part (0 of the theorem is clear from the construction of N in £13.21 
but it also easily follows from the first claim and Corollary 13.91 Indeed, let £ 

SS TLTL 

be the line bundle on Af whose fiber over (L, V;e G E) is E. As shown in 
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Corollary EH there is a line bundle £' on N such that p*£' = £® r \ Then by [Alpl 
Proposition 4.5] we can identify p*£® rl with £'. Thus 

£ igir! gj ves a section of 
let N be the complement of its zero locus. Clearly N is open and Af = p~ 1 (N). 
This implies the claim. 

3.2. Construction of N. The moduli of e-connections (on arbitrary projective 
variety) is constructed by C. Simpson C [Shrill ISim2[ ISimSj ); it is easy to see that 
his argument works in the case of e-connections with singularities on curves. Let 
us quickly recall the construction. 

Fix e G C, and denote by Af £ the moduli stack of e-connections of the form 
(L, V; e G C). Equivalently, Af £ is a fiber of the map 

Af -> A 1 /G m : (L, V;££E)^(£e£). 

Here we identify the quotient stack A 1 / G m with the moduli stack of pairs (e G E) , 
where E is a one-dimensional vector space. 

As e varies, the stacks Af £ form a family Af, —> A 1 (whose fiber over e G A 1 
is Af £ ). The total space Af, carries an action of G m via 

t ■ (£, V; e G C) = (L, tV; te G C), (£, V; e G C) G Af., t G G m . 

We can identify A/" with the quotient stack Af»/G m . 

Denote by Af £ s C A/" E (resp. Af^ s C A/".) the open substacks of semistable e- 
connections. 

Proposition 3.4. (a) There exists a good moduli space Af £ s —> N £ ; 

(6) As e G C varies, the spaces N £ form a family N m A 1 whose fiber over e G A 1 

is N £ . There exists a good moduli space Af£ s —¥ N m . 

Proof, (gj) This is a particular case of |Sim2[ Theorem 4.10]. Note that |Sim2[ 
Theorem 4.10] applies to the moduli space of semistable modules over a sheaf of 
split almost polynomial rings of differential operators A (see |Sim2[ §2], p. 77, 81 
for definition). In our case, A is the universal enveloping of the Lie algebroid 

A- 1 = (O x ® Tx{-^>), [• f 

where p is the composition of the natural inclusion 73c (—2)) into Tx with multipli- 
cation by e, and 

[A + ti f h + r 2 ] = e(n(/ 2 ) - r 2 (/i) + [n,r 2 ]). 

(|b]) Consider the sheaf p*A on AT x A 1 , where A is the sheaf from (gj) with e = 1. 
Let A R be its subsheaf generated by the operators of the form where A; G A 

has order at most i, e is the coordinate on A 1 . The family N* is constructed by 
applying Theorem 4.10 to A R relative to the projection X x A 1 — > A 1 . See |Sim2[ 
Section on r-connections, p. 87]. □ 

The action of G m on Af, induces its action on N,. (In fact an action of an 
algebraic group on a stack always induces an action on the good moduli space; 
for the proof, use the universal property of good moduli spaces and |Alp| Proposi- 
tion 4.7(i)].) In particular, a point z G N. yields a morphism G m — > N. :t^t-z. 
If it can be extended to a morphism from A 1 D G m (resp. from P 1 — {0} D G m ), 
we say that the limit lim t ^ 1 ■ z (resp. lim^oo t ■ z) exists. 
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The Hitchin fibration gives the following description of Nq. Let 

r 

B := YlH^X^x^D f 1 ) 

i=l 

be the base of Hitchin fibration. Recall that the Hitchin map sends a Higgs bundle 
[L, V; G C) to (ci(V), . . . , c r (V)), where Ci(V) are coefficients of the characteristic 
polynomial of V. Thus we get a map A/"o — > B. This map descends to a map 

(ci,c 2 , . . . ,c r ) : No -> B. 

Denote by iV™ C No the zero fiber of Hitchin fibration. 

Lemma 3.5. Let z € N, correspond to (L, V;s € C) G A/"/ s . TTien lim^oo £ • z 
exists if and only if (L, V; e G C) is nilpotent. 

Proof. Let us start with the 'only if direction. If the limit exists, then lim f _ 5 . 00 te 
exists, so e — 0. Also, the coefficients of the characteristic polynomial of iV are 
equal to i*Cj(V), and so the limit lim^oo t*Cj(V) exists. Therefore, Cj(V) = 0; in 
other words, V is nilpotent. 

To prove the 'if direction, it suffices to notice that TV™ is complete. Indeed, 
it is the zero fiber of the Hitchin map. This map is proper, the proof is similar 
to ( |Sim2j . Theorem 6.11). More precisely, one has to repeat the proof of that 
theorem, changing T* to T*(D). □ 

Proposition 3.6. The geometric quotient (TV. — N")/G m exists; the quotient is a 
complete scheme of finite type, the natural projection N, — TV™ — > (N. — N™)/G m 
is an affine map. 

Proof. This follows from |Sim3[ Theorem 11.2] and the previous lemma. Indeed, 
the fixed point set is closed in 2V" and thus complete. The fact that lim t _>o t ■ z 
exists for all z€f, follows from |Sim31 Theorem 10.1] (see also Corollary 10.2). 

To show that the map is affine, note that |Sim31 Theorem 11.2] is derived 
from |Sim31 Theorem 11.1], which in turn uses Proposition 1.9 in [GIT], but this 
proposition also claims that the map is affine. □ 

The geometric quotient TV = (N. — JV,")/G m has the properties required in 
Theorem |6] because of the following 

Lemma 3.7. Let p : S —> S be a good moduli space. Let G be a reductive group 
acting on S . Consider the induced action on S and assume that there is a geometric 
quotient S//G such that the projection S — > S//G is affine. Then the induced map 
p : S/G — > S//G is a good moduli space (the quotient in the left hand side is the 
stacky one). 

Proof. Let us decompose p as 

S/G ^ S/G A S//G. 

We just have to check that and p" are exact and take the structure sheaves to 
the structure sheaves. This easily follows from our assumptions. □ 
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3.3. Projectivity of N. Let us construct an ample bundle on N. Fix a point 
x G X. 

S S' It li 

Lemma 3.8. Let a be an automorphism of (L, V; s G E) G A/" 

(a) TTie action of a on E is a root of unity of degree at most r. In particular, 
a acts trivially on E® r ' . 

(b) If a acts trivially on E, then a acts trivially on 

detRr(X, L)® r <g> det(L x )®( rg - d - r \ 

(c) The automorphism a acts trivially on 

(detRrpr, L)® r (8 det(L x )® ir9 ~ d - r ^ *" 



Proof, (jaj) Note that a(e) = e, so if e ^ 0, then a acts trivially on E. If e = 0, 
consider the coefficients of the characteristic polynomial of V 

c< g ^(x.nxCS))® 4 )®^ 4 . 

Since V is not nilpotent, there is i such that c, 7^ 0. Now it suffices to note that 
a(ci) = Ci. 

(|bj We can decompose L = ®\<zcL x , where a— A is nilpotent on L A (almost all of the 
summands vanish). Since a acts trivially on E, we have V(L A ) c L A <8)ft x (S)<g> C -E. 
By semistability of L, degL A = - rkL A . We can then identify 



detRT(X, L) ~ (^) detRr(X, L 

and dctZ^ ~ (g)det((L A ) l: ). Finally a acts as \^L x -(g-i)rkL x ( here g ig the 
genus of X) on detRF(X,L A ) and as A rkiA on det((L A ) x ). 

(jcj) Follows from (|bj applied to a r ' . □ 

Let us denote by 8 (resp. £, resp. S x ) the line bundle on Af whose fiber over 
(L,V;s G i?) equals detRT(X,X) (resp. E, resp. det(i x )). 

Corollary 3.9. The line bundles 



£^!|_ ss> „„ and f$8r 5® (rfl-d-r)^ 



A r 



are pullbacks of line bundles on N . 



Proof. By Lemma 13.81 automorphisms of any closed point of M act trivially 
on the fibers of these two bundles. The statement now follows from |Alp| Theo- 
rem 10.3]. □ 

Denote the corresponding line bundles on N by £' and 8'. 

Theorem 7. The line bundle (<5') _1 ® (£')® k is ample on ~N for k > 0. 

Proof. Recall that by construction, (c)') -1 i s ample on N, ci. Remark before |Sim2[ 
Theorem 4.10]. Let Njj be N — N with reduced scheme structure. By construction, 
Nh is the reduction of the quotient scheme (Nq — iV")/G m . The Hitchin map 
therefore induces a morphism from Nh to the quotient scheme (B — {0})/G m , 
which is a weighted projective space. Recall (EGAII| Definition 4.6.1] that a sheaf 
T on Y is called relatively ample for a map / : Y Y' if for some cover Y' = UY^ 
with affine Y' a , the sheaves F\f-t(Y') are ample. 
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We make the following observations. 

(a) (<!>') 1 is relatively ample for the Hitchin map iVo — > B (since (<5') _1 is ample 
on N ); 

(b) (£') is relatively ample for the equivariant Hitchin map Nh — > (B — 
{0})/G m . Indeed, the relative ampleness can be proved fiberwise, cf. EGAIII, 
Theorem 4.7.1] (We are thankful to Brian Conrad for the reference). On the other 
hand, a fiber of the equivariant Hitchin map is the categorical quotient of the 
corresponding fiber of the Hitchin map by the finite stabilizer of the corresponding 
point in (B — {0})/G m . It remains to use the following general fact: the descent 
of an equivariant ample line bundle to the quotient by a finite group is ample. This 
follows from }GIT| Proposition 1.15, Theorem 1.10]; 

(c) £'\n h is naturally a pullback of a sheaf on (B — {0})/G m , which we also 
denote by £ '; 

(d) £' is very ample on (B — {0})/G m . 

Recall from Remark [3.31 that £® r! yields a section e' 6 H°(N,£'), whose set- 
theoretic zero locus is Nh- Denote by N' H the scheme-theoretic zero locus of e' . It 
is a non-reduced 'thickening' of Nh. 

Step 1. For integers l,k, consider the line bundle 

£ = £i,k := (<S')®~ Z ®£'® k . 

There exists Iq such that for all I > Iq, there is k — k n (l) such that for all k > fc 
the line bundle C\n h is very ample on Nh- This follows from EG All, Proposi- 
tion 4.6.11] and jEGAIIl Proposition 4.4.10(h)]. 

Step 2. For any coherent sheaf T on Nh, there exists Iq such that for all I > Iq, 
there is fco = ko(l) such that for all k > ko and alH > 0, 

H\N H ,F®C)=Q 

and J- ® C is generated by global sections. This follows from the fact that the 
derived functor of global sections on Nh is the composition of the derived direct 
image to (B — {0})/G m and the derived functor of global sections on (B— {0})/G m . 

Step 2'. Same statement as in Step 2 is true with Nh changed to N' H . For the 
proof, consider a filtration of T with factors supported scheme-theoretically on Nh 
and use the long exact sequence of cohomology. 

Step V . Same statement as in Step 1 is true with Nh changed to N' H . Indeed, 
set Ti :— Opf (—iNn). By Step 2' we can assume that T\ ® C is generated by 
global sections and H°(N' H ,£) surjects onto H°(Nh,£)- By Step 1 we can assume 
that C\n h is very ample. Let us show that C is very ample on N' H . 

We are going to use [Harl Proposition II. 7.2]. Take s G H°(N' H ,C) and let N' s 
be the open subset of N' H defined by s ^ 0. Then N s := N' s n Nh is affinc. 
Therefore, N' s is also affine. It suffices to show that the set {s'/s\ s' € H°(N' H ,C)} 
generates the ring Ai :— H t) (N' s ,0N' H /J 7 i) for all i. We proceed by induction. For 
i = 1 this follows from very ampleness of C\n h - Take t £ Af, using our statement 
with i = l, we can assume that t € T\jTi. By assumption it can be written as 
E Aj(s 3 -/s), where Sj e H°{N H ,Fi<&£), A, 6^_i. It remains to use the inductive 
hypothesis. 

For i > we have Ti = and we are done. 

Step 3. From now on, fix l satisfying the conditions of Steps V and 2', and also 
such that C\n = \n is very ample. Then the restriction map H°(N,C) — !• 

H°(N H ,£) is surjective for k > 0. 
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Indeed, this map fits into the exact sequence 



H°(N,C) -> H°{N' H ,C) -> iJ 1 (7V,£(-^)) -> H^N,^ -> H 1 (N' H ,£) 



According to Step 2', for i > 0, the rightmost term vanishes, and so the map 
H 1 (N,C(-N' H )) -> i? x (iV,£) is surjective. On the other hand, £(-N' H ) equals 
£j,fc-i) so dim i? 1 (TV, £) decreases as a function of fc for k ^> 0. This dimension is 
finite by properness of N, and therefore stabilizes. In other words, for k 3> 0, the 
map H 1 (N , £(— N' H )) — > i/ 1 (iV,£) is an isomorphism. 

Step 4. £ = d.h is very ample on N for k S> (the choice of I is as in Step 3). 

Recall that P(V) denotes the projective space of hyperplanes in a vector space V. 
Choose a hnitc-dimcnsional vector space V C H°(N,C) that defines an embedding 
N <—> F(V), and for every k > a subspace W k C H°(N' H ,£) that defines an 
embedding N' H <^-> P(Wfc). For fc > 0, the space V is contained in H°(N,C ® 
C H°{N,£) (because H°(N,£) is the limit of spaces H°(N,£) as fc -> oo), 
and Wit can be lifted to a finite-dimensional subspace of H°(N, £) (which we still 
denote by Wk) by Step 3. It follows from |Har[ Proposition II. 7. 3] that Ve' + Wk + 
Wk-ie' defines an embedding TV =-> P(7e' + Wfe + W fe _ie') for fc > 0. Note that 
this proposition is stated for projective schemes only but it is valid for any proper 
scheme. Indeed, the projectivity is needed only for applying [Harl Corollary 5.20], 
but the corollary is well-known to be true with the weaker assumption. □ 



In this section we prove Theorem Q] We also prove 

Proposition 4.1. Let T be any quasi- coherent sheaf on M.. Then H l {M,F) = 
for i > 2. 

We construct a compactification M = M U Mr (sec Proposition I4.7|) . We 
prove that the stacks Ai form a flat family as 23 and the local invariants of connec- 
tions vary (Proposition 14. 14]) . We give an explicit description of parabolic bundles 
underlying bundles with connections (Proposition I4.I0|) . We begin with general 
statements but starting from Lemma [4.61 we assume that X = P 1 and deg53 = 4. 
This assumption continues through the end of the paper. 

4.1. Connections compatible with parabolic structure. We start by describ- 
ing parabolic bundles that possess compatible connections. 

Let X be a smooth projective curve of genus g. Let L be a vector bundle of 
degree d on X. Denote by b(L) £ H 1 (X,£nd(L) ® fix) the class of the Atiyah 
sequence 



We have the Serre duality pairing (•, b(L)) : End(i) — > C. Recall from |Atil Propo- 
sition 18] that 



Remark 4.2. (a) To match |Ati] . the Serre duality pairing should include the factor 



4. Properties of M and of its compactification 



->• L ® fix -> B{L) ->L->0. 



(4.1) 



(A, b(L)) = if A is nilpotent, 
(id L , b(L)) =-d. 




(b) For every A € End(L) the Serre duality pairing (A, b(L)) is given by 
(A, b(L)) = - ti(A\RT(X, L)) + tr(A) x (O x ). 
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Here tr(A\RT(X, L)) is the alternating sum of the traces of maps on H l (X,L) 
induced by A, and x(Ox) = 1 — 9- This follows from (|4.ip . Indeed, we can 
decompose L into a direct sum such that the semisimple part of A is scalar on each 
summand. 

Fix e £ C, distinct points x\, ■ ■ ■ , Xk S X, and principal parts 

Ai £ £nd(L)(oo ■ xj)j £nd(L) 

for the vector bundle £nd(L) at Xi for alH = 1, . . . , k. To these data, we associate 
the sheaf of e-connections C = C(L, e, {Ai}^ =1 ): its sections over an open subset 
U C X arc e-connections 

V : L\u -> L\u ® Qu oo • a;,- J 

such that V — Ai is regular at xi for all xi £ [7. Since C is a torsor over £ nd(L)®£lx, 
its isomorphism class is given by an element 

c = c(L,e,{A l }ti) G fT^Jf.fndCi) ®njf). 



Lemma 4.3. For every A £ End(L), 



A- 



(A, c) = e{A, b(L)) + tr(res(A • Ai)). 

i=l 

Proof. The torsor C depends linearly on the collection (L,e,{Ai}^ =1 ). We can 
therefore assume that either all Ai = (and then c = eb(L)) or e — (this case 
follows from the definition of Serre pairing) . □ 



It is easy to adapt Lemma l473l to the settings of parabolic bundles. For simplicity, 
we only state it for bundles of rank two. Let us fix a divisor Q = J2 riiXi > on X. 
Suppose that L is a rank two vector bundle on X, and r\ is a level T> parabolic 
structure on L, that is, a line subbundle rj C L\$) (cf. Definition 12. 4|l . 

Denote by £nd(L, rj) the locally free sheaf of endomorphisms of L, preserving rj; 
let End(L,?y) := H°(P 1 ,£nd(L,rj)) be the corresponding ring of endomorphisms. 

Corollary 4.4. Fixe £ C and principal parts a + , a~ £ Qx(f&)/Qx ■ The following 
conditions are equivalent: 

(a) There exists an e-connection V : L — > L ® £lx(f&) whose 'polar part' L\$j —¥ 
(L ® f2x(S5))|iD equals to a + on 77 and induces a~ on (L\%))/r). 

(b) For any endomorphism A £ End(£,?y), we have 

res(^+a+) + res(yi_a_) + e{A, b(L)) = 0. 

Here A + ,A- £ C[25] are the (scalar) operators induced by A on rj and on (L\®)/rj 
respectively, and the residue functional res : Clx{®)/Qx — > C is given by 

res a; := res^u;. 

Proof. Denote by T-Liggs(L, rj) the sheaf of Higgs fields B : L — > L <g> f2x(®) whose 
polar part L\^ — ► (L^ClxiD))]® induces on both 77 and (L\^)/rj. In other words, 
in any 77-compatible local trivialization of L\ niXi we have 

fO A 

B = I I + non-singular terms. 



AN EXAMPLE OF THE LANGLANDS CORRESPONDENCE 



15 



Note that T-liggs(L, rj) ~ End(L, 77) v (g> fix- Indeed, the pairing is given by the trace 
of the product, and one checks in local coordinates that it is perfect. 

The sheaf of connections satisfying (gj) forms a torsor over H,iggs{L^r\)\ clearly, 
this torsor is induced from the Snd(L) eg) fix-torsor C(L, e, {^4i}" =1 ) for a choice of 
polar parts compatible with rj and a ± . Now the claim follows from Lemma 14.31 

□ 



Remark 4.5. If Ai has a pole of first order for all i, then Corollary 14.41 becomes 
Theorem 7.2 in |CBj . which is a special case of Mihai's results fM ihl| [Mih2j . 

4.2. Local invariants of connections, revisited. Let AT = Af(X, 2, d, D) be as 
in f}3] Let (L, V;e G E) G A/" be an e-connection, where L has rank 2. Let I? be 
the formal disc centered at x%. Trivializing L\d, we can write 

W\ D =ed + a, a E gi(2) <E)H, D (n l x l ) <^ c E. 

It is easy to see that tr a and det a are well defined (that is independent of the trivi- 
alization) as sections of E<S>c {^x(n t Xi)/Qx) and E® 2 ®c (Qj?{2n l Xi)/VL t f?(n i Xi)) 
respectively. Performing this operation at every x%, we get well-defined sections of 
E®c (O x (£>)/fix) and E m ® c (0| 2 (22))/rj| 2 (D)), which we denote [trV] and 
[det V] respectively. 

Clearly, in the case of a non-resonant connection (L, V; 1 € C) we get 

[trV] = vi := (or+ +a,~), [det V] = v 2 := 

where (a^) is the formal type of the connection (cf. ij2.1[) . Thus in this case the 
data ([tr V], [det V]) is equivalent to the formal type. 

Fix vi G n x (®)/ttx and i/ 2 G ftf 2 (22))/ftf 2 (I)) and denote by M the closed 

— = ss,nn 

substack of M parameterizing e-connections such that 

(4.2) [trV]=e®z/i, [det V] = e® 2 ® v 2 . 

Assume now that X = P 1 , degS) = 4, d is odd. Recall that in ij2.il we defined a 
moduli stack A4 . 

Lemma 4.6. Every connection [L, V)eM is irreducible. 

Proof. Assume for a contradiction that V C i is a V-invariant line subbundlc. One 
checks that res^ (V|i') = resaf , where are defined in ij2.ll This contradicts 
condition (jnj| of ^11 (cf. [ALl Proposition 1]). □ 



In particular every (L, V) G .M is semistable, and we see that the open substack 
of M given by e ^ is identified with M. Let A^jy be the closed substack of M 
defined by e — 0. Then M = ~M - Mh- By Theorem |6] and [Alp, Lemma 4.14], 
Ai has a good moduli space M. It follows from Theorem [7] that M is projective. 

Note that M. is a closed substack of A/" ss , so, using again Alp, Lemma 4.14], we 
see that M := N n M is the good moduli space of A4. Clearly, M is open in M. 

Proposition 4.7. M. H c Ai is a Cartier divisor. 



This will be proved below after we prove some properties of M.. 
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4.3. An affine bundle structure on M.. Denote by Bun(d) = Bun{¥' 1 , 2, d, 25) 
the moduli stack of level-25 parabolic bundles (L, n) such that L has degree d and 
End(L, 77) = C. By semicontinuity Bun(d) is an open substack in Bun(d). 

Consider (L, V) <G A4. The formal classification (|2.1j) of connections shows that 
there is a unique level- 3D parabolic structure 77 compatible with V in the following 
sense: for any i and every section s of L in a neighborhood of Xi such that s|„ iXj G 
H°((niXi), 77) we have that Vs — a^s is regular at X{. 

Proposition 4.8. (a) If (L, V) G M, then L ~ Opi (m) Opi (n) wit/i m — n = 1. 
(6) Assume that (L,rj) is the parabolic bundle corresponding to (L, V) G .M, 
End(i,ry)=C. 

(c) XTie resulting map p : M — > Bun{d) is an affine bundle of rank 1. 

Proof, (jaj) Let us write L = Opi (m) © Opi (n) with m > n. Assume for a contra- 
diction that m — n > 3. Consider the map 



It is easy to see that this map is Opi-linear, thus it is zero. It follows that Opi(m) 
is a V- invariant subbundle in L, which contradicts Lemma 14.61 

(|b]) Assume first that there is A € End(L, 77) such that A has different eigenvalues. 
Then in exactly the same way as in |AL1 Proposition 3] we come to contradiction 
with condition (jgj) of i)2.11 

Assume now that A G End(L, 77) is not scalar and it has equal eigenvalues. Then 
the matrix of A with respect to the decomposition L = Opi (m) © Opi (71) is 



where c is a constant, / is a section of Opi(m — n), that is a polynomial of degree 
at most 1. 

For every i choose the maximal mi such that r)\ miXi — Opi(m)\ miXi . It is easy 
to see that A preserves 77 if and only if / vanishes at Xi at least to order m — 2toj 
for all i. Hence the existence of non-scalar endomorphism implies 



Consider again V : Opi(m) — > Opi(n + 2). It follows from the compatibility 
that V has zero of order at least m; at xi. Again, V 7^ 0, so m i ^ 1- However 
this inequality together with (|4.3j) would imply deg T) < 3. 

(jej) Consider (L, 77) G Bun(d). Combining part (jb|, the second formula in (|4.1|) . 
condition (|b| of i)2.11 and Corollary 14.41 we see that the fiber of p over (L, 77) is 
non-empty. Thus it is a torsor over 7J°(P 1 , Tiiggs(L, 77)). Using the identification 
%iggs{L, 77) = £nd{L, n) v <g) Six, we obtain 



(4.4) dim H ^ 1 ,Uiggs{L, rfj) = dimff^P 1 , £nd(L, 77)) = 1 - x(£nd(L, 77)) = 



We see that if°(P 1 ,Higgs(L,r])) form a vector bundle over Bun(d), and A4 is a 



V : Opi (m) <-> L A L (g) Q P i (25) -» Opi (n) ® Opi (25) ~ Opi (71 + 2). 




(4.3) 




1 - deg{£nd(L, 77)) - rk(f nd{L, 77)) = 1. 



torsor over this bundle. 



□ 



Remark 4.9. Note that, contrary to the case of regular singularities, this proposition 
is not valid for n > 4 because the proof of part fbj is specific for this case. 
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4.4. Parabolic bundles. Let (L, 77) be a rank 2 parabolic bundle. We define the 
lower modification of (L, rf) at x» as the vector bundle Li whose sheaf of sections is 

{s G L : s\ ntXt e r)\ niXi }. 

Clearly, deg Li — degL — rii. We shall also use the lower modification L n of L 
at all x , : its sheaf of sections is 

{s G L : s| s G ??}. 

Note that 77 induces parabolic structures on Li and L,,. For example in the case 
of L n we get an exact sequence 

0^r]<E)O r i(-T))\ v -+L(-S))\x -+L n \ n , 

thus the image 77' of L{— in £,,1© is a parabolic structure on Upon choosing 
local coordinates z% at each Xi, rf can be identified with (L\^)/r). It is easy to see 
that End(i,?7) = End(L r? ,?7') and a similar statement is true for Li with induced 
parabolic structure. 

Recall that P is a projective line doubled at the points of the support of 2D. 

Proposition 4.10. Bun(d) ~ P x B(G m ), w/iere P(G m ) := pi/G m is the classi- 
fying stack of G m . 

Proof. The idea of the proof was suggested to the first author by V. Drinfeld. 

Step 1. We can assume d = — 1. Let us pick a point 00 G P 1 — 2D. Then the 
map (L,n) i-> (£ ® P i(oo), rj) identifies ,Bwn(P\ 2, rf, 3D) with ^^^(P 1 , 2, rf + 2, 35). 
Since rf is odd, the statement follows. 

Step 2. L ~ P i © P i(— 1). Indeed, it follows from Proposition I4.8t }cj) that 
(i, rf) corresponds to a connection (L, V) £ M, thus we can use Proposition ^. 8[j aj). 

Step 3. The discussion, preceding this proposition, shows that {L, 77) € Bun{— 1) 
implies (L^ ® P i (2oo), 77') G Bun(— 1) and therefore ~ P i(— 2) O p i(— 3). 

Let P be the moduli stack of collections (L, 77, O p i c — > L, O p i (—2) <-} L v ), where 
(L,rj) € Bun(-l). Note that there is a unique up to scalar map Opi — > L and a 
unique up to scalar map P i(— 2) — > L n . Thus P is a principal G m x G m -bundlc 
on Bun{— 1). 

S'fep ^. For a point of P we get a map tp : Opi © O p i(— 2) — > L. We claim that 
this map is injective. Indeed, let mi be as in the proof of Proposition l4.8t| b |) . If the 
image of ip is a line subbundle, then ^]m t > 2. But we saw (again in the proof of 
Proposition [48l(b|) that this is impossible. 

Thus tp has a simple zero at a single point q. Note that Ker <p(q) does not coincide 
with the fiber of O p i (because O p i — > L is an embedding of vector bundles). That 
is, the kernel of ip(q) is spanned by (p, 1), where p is a point in the fiber of P i (2) 
over q. (More canonically, p is a homomorphism from the fiber of O p i(— 2) to 
that of Opi.) The pair (p, q) completely describes L as an upper modification of 
P i © O p i(— 2): the sheaf of sections of L(—q) is 

(4.5) {(sx,s 2 ) G Opi eQpi (-2)|*i (g) = P s 2 (q)}- 

Step 5. Similarly, we get a map <p' : O p i(— 2D) © O p i(— 2) — > L v . It also has 
exactly one simple zero. Note that det tp = det tp' (since tp and tp' can be identified 
on P 1 — 2D), so the zero is at the same point q. Then Kerp'(q) is spanned by (l,p'), 
where p' is in the fiber of O p i (2) (more properly, p' is a homomorphism between the 
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fiber of Opi(—D) and that of O p i(— 2)). Again, (p',q) completely determines L n , 
indeed, the sheaf of sections of L v (—q) is 

(4.6) {(si,s 2 ) S O r i(-V)®0 ¥ i(-2)\p , s 1 (q) = s 2 (q)}. 

Step 6. Note that (p,p',q) determines the inclusion L v «-> L uniquely as well 
because it determines it on P 1 - 3, thus this triple determines a point of P. Wc 
must have L v C L. Looking at (|4. 5[) and (|4. 6[) it is easy to see that this condition is 
exactly pp' — f(q), where / is the canonical section of Opi(55) (thus the zero locus 
of / is exactly D). This makes sense: the product pp' is in the fiber of Opi(S). 

Let P' be the set of triples (p,p', q) as above subject to the condition pp' = f(q). 
Every such point determines a parabolic bundle (L, rf) but some of these bundles 
can have extra automorphisms. In other words, P C P' . 

Clearly, P' is fibered over P 1 with coordinate g, and the fiber over x is either a 
hyperbola or a cross, depending on whether x is in 2) or not. 

Finally, we need to mod out the embeddings Oft L and Opi(— 2) L n . If 
we scale one of them by a and the other by b, we get 

(P,p',q) i-> ((a/b)p,(b/a)p',q). 

Therefore 

• The only points with extra automorphisms are of the form (0, 0, q), q €E 2) 
(the centers of the crosses) ; 

• The stable locus P is exactly the part of P' that is smooth over P 1 . 

• We have Bun(— 1) = P/G^. Since the diagonal group a = b acts trivially, 
this stack is (P/G m ) x P(G m ). Clearly, P/G m = P. 

□ 

Remark 4.11. Note that we can (and shall) view P as the moduli space of collections 

(L,77,Opi(-2) ->L„). 

Proof of Theorem [7J By Propositions I4.8f [cj) and 14.101 A'J is a smooth connected 
algebraic stack of dimension 1. To prove that M. — My. B(G m ) consider the moduli 
stack of triples (L, V,O p i(-2) ^ L,), where (L, V) G A^. We have Af = M'/G m , 
where G m acts by rescaling the embedding O r i (—2) It is easy to see that this 

action is trivial, so that A4 = M' x P(G m ). On the other hand, Lemma l4~6l shows 
that connections in Ai have only scalar automorphisms, thus M' is an algebraic 
space. Therefore AJ — > M' is the good moduli space and M' = M by uniqueness 
of good moduli spaces. We see that M. is a neutral gerbe over M. Next, we have 
a cartesian diagram 

M > M 

p 

P > Bun(d). 

Thus M is an afiine bundle over P. It follows that M is a smooth surface. Finally, 
M is quasi-projective, since it is open in M . □ 

Proof of Proposition \4^T\ The map p : Ai — > Bun(d) is an affine bundle, thus it is 
an affine morphism. On the other hand, the good moduli space of Bun(d) is P, 
which is a 1-dimensional scheme. □ 
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4.5. Ai is a locally complete intersection. 

Lemma 4.12. If (L, V; e <E £) £ Ai, then L ~ O p i (n) © O v i{m) with m — n = 1. 



Proof. For £ ^ this is Proposition ^. 81 (jal). Let e = and assume that m — n > 3. 
Then the same argument as in Proposition ^. 81 (faj) shows that O p i (m) is V- invariant, 
which contradicts semistability. □ 

Proposition 4.13. Ai is a locally complete intersection. 

Proof. Let 23' D 2) be a divisor on X. Consider the moduli stack Af(D') C 
A/"(P\2,<f,23') parameterizing (L, V;e € E), where L ~ Opi(n) ® O p i(to) with 
to — n = l, m + n = (i, V:L— >L® fipi (®0 ®C -S is an e-connection, (L, V) is 
scmistable and non-nilpotent. It is enough to show that if deg23' is big enough, 
then (i) A/" (23') is smooth and (ii) Ai is defined by dim A^(23') — dim Ai equations 
in A/"(23') (note that M C A/"(23') by Lemma [4T2]) . 

For (i) it is enough to show that the map AT (23') — » A 1 /G m sending (L, V;e 6 £) 
to e G i? is smooth. The relative deformation complex of this map at (L, V; e € £") 
is 

0* := (fnd(L) ^> £nd(L) ® O pl (23') ® C #), 

so that the obstruction to smoothness is in H 1 (¥ 1 , £nd{L) ® fij»i(23') <8>c E). This 
space vanishes for deg 23' big enough because L ~ O p i (n)©0 P i (m), with m—n= 1. 
For (ii) note that dimA/"(23') = = 4 deg 23' - 8. 

In Corollary 16.71 below, we shall give an explicit description of Ain', this de- 
scription implies that dimA^ = 0. Combining this with Theorem [I] we see that 
dimA4 = 1. 

Further, let C be the vector bundle on A/"(23') whose fiber at (L, V;e € E) is 
£nd{L) ® (Opi (23')/O p i (23)) ®c E. The polar part of V gives rise to a section of 
C and A/" (23) C A/" (23') is given by the zero locus of this section. Thus A/" (23) is 
locally cut out by 4(deg23' — deg 23) equations. It follows from the definition of Ai 
(cf. 94.2)1 that A4 is cut out from A/ r (23) by 2 deg 23 - 1 equations (note that the 
sum of residues of V is equal to — d). □ 

Proof of Proposition \4-7\ M-h is given by s — 0, so we only need to check that e 
is locally not a zero divisor on Ai. However, if it was the case, Ain would contain 
a component of Ai (set-theoretically) , and we would come to a contradiction with 
complete intersections having pure dimension. □ 

4.6. Universal Moduli Spaces. Recall that 23 = Y, n i x i- Fix oo G P 1 \ 23. 

Consider a moduli space B, parameterizing local invariants of connections, that 
is, triples (23, ui, v%), where 23 is a degree 4 divisor on P 1 such that oo ^ supp23, 
vx € f2 P i(23)/fi P i, v 2 € fi P 3 1 2 (223)/^ P 3 1 2 (23), and the sum of residues of v x equals -d, 
cf. 94.21 We can identify such 23 with roots of degree 4 monic polynomial p(z), then 
we can write uniquely 

a Q + a\z + a 2 z 2 + dz 3 b + b\z + b 2 z 2 + b 3 z 3 

v\ = — dz, v 2 — dz (g) dz. 

p{z) p(zy 

Here z is the standard coordinate on P 1 . Thus B ~ C 11 . Note that the subset of 
points in B satisfying conditions of 92.11 is open in analytic topology. 
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As (25, v\, U2) varies, we obtain a family Ai un iv — > B of moduli stacks. In ij4.2l 
we fixed 2), v\ and 1^2 ■ Denote the corresponding point of B by to- Then the fiber 
of M univ —> B over to is M.. Our goal is to prove 

Proposition 4.14. The family A4 un iv B is a flat family of stacks in a Zariski 
neighborhood of to € B. 

Proof. Similarly to the previous subsection we prove that M U niv is a locally com- 
plete intersection of dimension dim ,8 + 1. It follows that the fibers of Muniv —> B 
are at least 1-dimensional. By semicontinuity, there is a neighborhood of to, where 
fibers are 1-dimensional. It remains to note, that by |EGAIV( Proposition 6.15] 
a morphism from a locally complete intersection to a smooth scheme with equidi- 
mensional fibers is flat. □ 

5. Generalized line bundles on generalized elliptic curves 

In this section, we provide a version of the Fourier-Mukai transform for singular 
degenerations of elliptic curves. This generalization is not surprising, and the case 
of singular reduced irreducible genus one curve (nodal or cuspidal) is well known 
( [BK] . see also [BZN] Theorem 5.2]). 

5.1. Generalized elliptic curves. For the purposes of this paper, it is important 
to work with all double covers of P 1 ramified at four points, including reducible 
covers (see Remark I6.4[) . We were unable to find a discussion of this case in the 
literature. However, our argument works in greater generality, and we therefore 
consider the following class of curves 

Definition 5.1. A projective curve Y is generalized elliptic if H°(Y, Oy) — C (in 
particular, Y is connected and has no embedded points) and the dualizing sheaf 
of Y is trivial. In particular, Y is Gorenstein and has arithmetic genus 1. 

Remark 5.2. In fact the dualizing sheaf of Y is Oy (g>c H 1 (Y, Oy) v rather than Oy . 
Indeed, the first cohomology group of the dualizing sheaf must be trivialized. 

Example 5.3. Any plane cubic (reduced or not) is a generalized elliptic curve in 
this sense. 

Remark 5.4. Note that we do not assume that singularities of Y are planar. For 
example, an intersection of two space quadrics is a generalized elliptic curve, even 
if the two quadrics are cones with a common vertex. In this case, the intersection 
is a union of four lines that meet at the vertex. 

Denote by E the collection of generic points of Y (by definition a point s G Y is 
generic if its local ring Oy >s is Artinian). For a sheaf £ on Y and s g E, we denote 
by rk s £ the length of the stalk l s as a module over the local ring Oy >s . In particular, 
m(s) := rk s Oy is the multiplicity of the corresponding irreducible component. 

Fix a weight function w : E — > R >0 and set 



ses 

We can now use this notion of rank (and the corresponding notion of slope) to 
define a stability of coherent sheaves on Y. 
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Definition 5.5. A coherent sheaf I ^ of pure dimension 1 is said to be semistable 
if for any proper subsheaf £o C /, 4 / 0, 1, we have 

xW > x(M 

rk£ ~ rk£ ' 
If the inequality is strict, £ is stable. 

Definition 5.6. We say that a sheaf i is a generalized line bundle on Y if it is of 
pure dimension 1 and its length at all generic points of Y equals to the multiplicity 
of the corresponding component: rk s I = m{s) for s 6 X. 
By definition, deg^ := x(t) ~ x{Oy) = x(0- 

Denote by Vic d (Y) the stack of generalized line bundles of degree d on Y, and 
let Vi~c s (Y) C Vic ss (Y) C Vic (Y) stand for the open substacks of stable and 
semistable generalized line bundles, respectively. 

Let V := Oy x y(-A) be the ideal sheaf of the diagonal AcFxy. Note that V 
is flat over each of the factors, being the kernel of a surjection of flat sheaves, 
therefore, V is a F-family of degree —1 generalized line bundles on Y, so it defines 
a map Y — > Vic (Y). (Note that V is not in general flat over the product.) The 
above map naturally extends to a map 

(5.1) Y x B(G m ) -> Vic ~ 1 {Y). 

Explicitly, for a test scheme S, the map (|5.1[) assigns to a morphism ijj : S — > Y 
and a line bundle L on S (recall that a line bundle on S is the same as a map 
S — > B(G m )) the sheaf p*L ® Osxy(—^4>) on S x Y, viewed as an 5-family of 
degree —1 generalized line bundles on Y, that is, as a morphism S —> Vic (Y). 
Here r^, C S x Y is the graph of i[>- 

Our goal is to prove the following claims 

Proposition 5.7. The map (|5.ip is an isomorphism 

Y x B(G m ) ^VTc;\Y) = VTc~\Y). 
Remark 5.8. In particular, Vic s l (Y) = Vic 8S (Y) does not depend on w. 
Theorem 8. The Fourier-Mukai transform with kernel V 

V h (Y) -> V h (Y) : T i-> fl!pi,.(7' «) L p|J") 

is an auto-equivalence of the category ofV b (Y) (the bounded derived category of 
quasi- coherent sheaves on Y). Here pi,p2 '■ Y x Y Y are projections. 

Remark 5.9. Proposition 15.71 allows us to identify Y and the coarse moduli space 
of Vic s (Y). In fact, the moduli space is fine: the Poincare sheaf V is a universal 
sheaf on Y x Y. Theorem [8] then provides a Fourier-Mukai transform between Y 
and the coarse moduli space. 

Also, consider the Serre dual V y := Hom(V ,Oyxy) of V. Then Corollary 15. Ill 
implies that an analogue of Proposition l5 . 7l holds for V v : it provides an isomorphism 
Y x B(G m ) V~icl{Y) = V~ic^ s (Y). The Fourier-Mukai transform given by V y 
is also an equivalence (up to cohomological shift, it is inverse to that given by V, 
see gO]). 
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5.2. Stable generalized line bundles. Let us prove Proposition 15.71 We start 
with some remarks about duality on Y. 

Lemma 5.10. (a) Let £ be a coherent sheaf on Y of pure dimension 1. Then £ is 
Cohen- Macaulay: f :— RT-Lom(£,Oy) — l Hom(£,Oy) is a coherent sheaf of pure 
dimension 1. {Recall that Oy is the dualizing sheaf onY.) 

(b) Let S be a locally Noetherian scheme [or a stack) and let I be an S -family 
of coherent sheaves of pure dimension 1 on Y ; that is, £ is a coherent sheaf on 
S x Y such that £ is flat over S and its restriction to fibers over s G S have pure 
dimension 1. Then £ v := RHom(£,OsxY) = Hom(£,OsxY) is a coherent sheaf. 

(c) In the assumptions of part (5J), f is flat over S, and for any point s € S , we 
have (£ v )\{ s }xY = (^I{s}xy) v - In other words, duality respects families. 

Proof. We have £xf(£, Oy) = for i > (since the dualizing sheaf has finite 
injective dimension). Recall that a coherent sheaf with zero fibers vanishes, thus it 
suffices to check that the derived restriction LL*RHom(£,Oy) is concentrated in 
non-positive cohomological degrees for any closed point i y : {y} <->• Y . However, its 
dual is Rt y £ [1] (since Serre duality permutes Ll* and Ri y ), which is concentrated 
in non- negative degrees as £ is of pure dimension i. 

For part (|b"|. let us show that for any coherent sheaf T on S, the sheaf £ xt*(£,p* F) 
vanishes for i > 0. The statement is local in S, so we may assume that S is an affine 
Noetherian scheme without loss of generality. If S is a point, the claim follows from 
part (jaj). 

For general S, the problem is that we do not know a priori that £ xt l vanishes 
for i > 0. To circumvent this problem we proceed by Noetherian induction on 
supp(J r ). Fix a generic point l s : SpecOs jS supp(J r ), and consider the adjunction 
morphism 

Both its kernel and its cokernel are unions of coherent sheaves supported by strictly 
smaller closed subsets, so the induction hypothesis implies that the induced map 

£xt i (£,p* 1 T) -> £xt i {£,plL St *L* s F) 

is an isomorphism for i > 1. Also, part (jaj) implies that 

£xt i (£,plL a< *L*J : ) = (»>0), 

so that £xt l {£,p\T) = for % > 1. 

Now note that for any point t s : {s} S, 

(5.2) L{l s xid Y )* RUom^plF) = RHom(£\ {s}xY , Ll*T M Oy) 

is concentrated in non-positive cohomological dimensions, thus £xt l (£,p\J : ) = 0. 
This completes the proof of part jb|) . 

Part (jej) follows by taking T = Os in l|5.2j) . □ 

Corollary 5.11. Let £ be a generalized line bundle on Y. Then so is f , and 
deg^ v = — deg^. Moreover, £ is (semi)stable if and only if f is (semi) stable. 

For every d, the duality £ i— > £ v defines an isomorphism Vic ° (Y) ^> Vic (Y) 

and also isomorphisms Vic ss (Y) ^> Vic ss (Y) and Vic s (Y) — ► Vic s (Y). 
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Proof. If £ is a sheaf of pure dimension 1 on Y , then £ v is also a sheaf, and by Serre 
duality x(£ v ) — — x(fy- The duality for modules over Artinian rings shows that I 
is also a generalized line bundle. Assume that £ is a (semi)stable generalized line 
bundle. Let £q C f be a subsheaf (necessarily of pure dimension 1). Without loss of 
generality we can assume that f /£q is also of pure dimension 1 . Then by part (jaj) of 
the lemma we get a surjection I -» £q, and we see that the (semi) stability property 
for £ implies the similar property for £ v . The remaining claims are obvious. □ 

Lemma 5.12. Oy is stable. 

Proof. By definition, we need to show that Oy has no proper subsheaves £q C Oy 
with x(^o) > 0. Assume the converse. Without loss of generality, we may assume 
that £\ := Oy/£o has pure dimension 1. By Lemma 15.101( a)). its dual 

i\ = Hom{£ u O Y ) = RHom(£ u O Y ) 

is a sheaf. Since £\ = Oy/4 has a global section (image of 1 G Oy), and x(^i) = 
-X(4) < 0, we see that H l {Y,l x ) ^ 0. Then by Serre duality H (YJY) ^ 0, which 
is impossible, because £\ C Oy is a proper subsheaf. □ 

Let us prove Proposition 15 . 71 on the level of points. 

Proposition 5.13. Let £ be a generalized line bundle of degree —1. Then £ is 
stable if and only there exists an isomorphism £ ~ Oy(—y), where Oy(—y) C Oy 
is the ideal sheaf of a closed point 1/6 7. The isomorphism is unique up to scaling, 
and the point y is uniquely determined by £. Also, stability of £ is equivalent to 
semistability. 

Proof. For a sheaf £ of degree —1, both stability and semistability mean that all 
quotient sheaves of £ have non- negative Euler characteristic (excluding £ itself). 
In particular, Oy{— y) is stable; indeed, for any quotient T of Oy(— y) we have a 
corresponding quotient T' of Oy and x(-F') — x{F) + 1> so we can use Lemma r5.12l 
Conversely, suppose £ is stable. Then H°(Y,£) = 0, because Oy is stable and 
its slope is greater than the slope of £. Therefore, H 1 (Y,£) is one-dimensional; 
by Serre duality, this gives a non-zero homomorphism n : £ — > Oy, unique up to 
scaling. Since £ is a generalized line bundle, n cannot be surjective. Thus, by 
stability of Oy, the image has negative Euler characteristic; together with stability 
of £, this implies that n is an embedding. □ 

Remark 5.14. Once it is proved that Oy (— y) is stable for all y € Y, Proposition l5.13l 
can also be derived from Theorem[8]together with Remark [5.9l More generally, let L 
be a semistable coherent sheaf of slope —1, so that degi = — rkL. We claim that 
the Fourier-Mukai transform of L v is of the form 1] , where J 7 is a coherent sheaf 
of finite length that equals rkL, assuming that the weight function w is normalized 
so that rkOy = 1 (cf. [BK[ Theorem 2.21]). Note that the converse implication is 
obvious: if the Fourier-Mukai transform of L v is of this form, then L is obtained by 
successive extension from sheaves of the form Oy (— y), which implies semistability. 

Let us verify the claim. Let T be the Fourier-Mukai transform of L v . Then T is 
concentrated in cohomological degrees and 1, and i?°(J r ) is of pure dimension 1. 
Since L v is semistable, 

Hom(L v , Oy(—yY) — for all but finitely many y € Y, 

Hom(CV(— y) v , L v ) = for all but finitely many y EY. 
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Indeed, the Horns can be non-zero, only if Oy{— y) v occurs among the Jordan- 
Holder factors of L y . 

Applying the Fourier-Mukai transform, we see that 

Hom(J r , O y [— 1]) = for all but finitely many y EY, 

Hom(Oj,[— 1], F) = for all but finitely many y E Y. 

The first statement implies that H l (F) is of finite length. Applying the Serre 
duality to the second statement, we see that 

Hom(J r , O y ) = for all but finitely many y E Y. 

hence H a {F) = 0. 

In a similar way, Proposition 15 . 16l below can be proved using the Fourier-Mukai 
transform on S x Y. 

Corollary 5.15. (a) Let £ E Vic^ (Y), then £ is a line bundle on the complement 
to a point. 

(b) Let £ E V%~c~ X (Y), then 

dimiP(f) = 

(c) Let I E Vic's (Y), then 

dimH l (£) = 

Proof. The first part is clear. We have H (O Y (-y)) = thus dimi? 1 (O y (-y)) = 
~x(Oy(— y)) = 1- The last part follows from Serre duality. □ 

We are now ready to prove Proposition ^ .71 Note that Vic 1 (Y) is clearly locally 
Noetherian (it is of locally finite type over the ground field), so it suffices to prove 
the following 

Proposition 5.16. Let S be a locally Noetherian scheme or stack, t be an S -family 
of degree —1 stable generalized line bundles on Y (that is, a coherent sheaf on S x Y , 
flat over S, whose fibers are degree —1 stable generalized line bundles). 

Then there exist a map ip : S — > Y and a line bundle L on S such that there 
exists an isomorphism 

K : £^ p\L ® Sx y(-r^). 

Moreover, ip is unique, L is unique up to isomorphism, and n is unique up to scaling 
by an element of H°(S,Og). 

Proof. By Lemma [5.101 and Corollary 15.111 the dual sheaf l y — Wom(£,OsxY) is 
an S'-family of stable generalized line bundles on Y of degree 1. Consider Rpi^£ v . 
By base change, we see that for every point i s : {s} S, 

dim H i {LL* s Rp x ,J y ) = dimH l ({s} x Y,£ v \ {s}yY ) = 

where the last equality follows from Corollarv l5.15l Therefore, pi } *£ v = Rpi.*£ v is 
a flat coherent sheaf with one-dimensional fibers, that is, a line bundle (the proof 
of flatness is as in Lemma 17^1) . Let L := (pi,*^ v ) _1 be its dual. 
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Consider the adjunction map 

Denote by U C S x Y the open set where / is surjective. Proposition 15 . 1 31 implies 
that ({s} x Y) n U 7^ for every seS. It is now easy to see that f\u is bijective, 
because f is fiat over S and the restriction of / to the fiber {s} x Y is injective 
for every s £ S. In particular f\u is a line bundle. 

Consider the homomorphism (p*L) _1 ®£ — > OsxY induced by /. It is injective, 
because I has no sections supported by S x Y — U. Therefore, ® £ is 

identified with the ideal sheaf of a closed subscheme S' C 5 x Y — U. 

We need to show that p% induces an isomorphism S' — > S. Recall that a pro- 
jective quasi-finite morphism is finite (see |Har| Exercise III. 11. 2]). Thus Px\s> is 
finite, so it suffices to prove that the natural map Os — > Pi,*Os> is an isomorphism. 
Using base change and Proposition 15. 131 we see that for every point l s : {s} <-> S, 
the map induces an isomorphism 

l* s O s -> Li* sPl: *O s >. 

In other words, pi,*Os' is flat and the map Os — > Pi,*Os> is an isomorphism on 
fibers. Therefore, it is an isomorphism. Thus S' is the graph of a map -0 : S — > Y". 
The uniqueness statements are easy and left to the reader. □ 

5.3. Fourier-Mukai transform. It remains to prove Theorem [H Actually, the 
argument of I. Burban and B. Kreussler from |BK] (for the case of an irreducible 
Weierstrass cubic, nodal or cuspidal) extends without difficulty to our settings, as 
mentioned in the introduction to BK, . We sketch the argument and refer the reader 
to [BK] for details. 

The key observation is that the structure sheaf Oy G D b (Y) is a spherical object 
in the sense of P. Seidel and R. Thomas [ST] . A spherical object £ £ D h (Y) defines 
an equivalence Tg : D b (Y) — > D b (Y) called the twist functor; roughly speaking, it 
sends T £ D b (Y) to the cone of the evaluation morphism 

i?Hom(£,J") ® L £ ^ T. 

(One has to replace £ by its resolution to ensure that the cone is functorial.) We 
can then see that for the spherical object £ = Oy, the twist functor Tg is the 
Fourier-Mukai transform of Theorem[51 cf. |BK[ Proposition 2.10]. 

Let us translate this argument into the language of the Fourier-Mukai kernels, 
since we shall use Proposition 15.171 later. Let p\2, P13, and P23 be the usual pro- 
jections Y xY xY ^ Y xY. Set Ty := Rpi3,4pl 2 V y ® L p* 2Z V). Note that by 
Lemma r5.10[ both V and V v are flat with respect to both projections Y x Y ^ Y. 
In particular, 

P* 12 V v ® L p* 23 V=p* 12 V v ®p* 23 V 
is a sheaf, so that J-y is concentrated in cohomological dimensions and 1. 

Proposition 5.17. 

Ty = A [-1] ®c H 1 {Y,O y ) ~ A [-1]. 

Proof. Note first that 

R-Hom(0 A ,Oy xY ) = Rl a O YxY = O a [-1] ® c H l {Y,Oy). 

Here 6a : Y — > Y x Y is the diagonal embedding. The second equality holds because 
Oy xY is the dualizing sheaf up to the second power of H 1 (Y, Oy) (see Remark IQj) 
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and the !-pullback of the dualizing sheaf is the dualizing sheaf up to a cohomological 
shift. 

Applying the duality functor RHom(- , Oyxy) to the exact sequence 

(5.3) O^V -^Oyxy ^Oa^O, 
we obtain an exact sequence 

(5.4) Oyxy -> V v O a ®c H\Y, O y ) 0. 

It induces a map Oy — Pi,*OyxY — > Pi.*7 ,v ; it is easy to see that the map provides 
an isomorphism Oy — > Rpi,*V y (see Corollary 15. 15[) . 
Finally, (|5.3j) also yields an exact sequence 

Pi 2 ^ v ® P* 23 V -> p\ 2 V y p* l2 P y ® P * 23 o A -> 0. 
Applying Rp\ 3 ^, we obtain a distinguished triangle 

T Y -> (Rpi,*V w ) MO Y -^V v -> JV [li- 
lt remains to notice that the map [Rp\^V y ) M Oy — > V y becomes the natural 
embedding Oyxy — > "P v from (|5.4|) after the identification Rpi^V v = Oy- □ 

It is easy to see that Proposition ! 5 . 1 71 implies Theorem[Sl indeed, the base change 
shows, that the functors 

V(Y) -> V(Y) : T i— > ifci,„(P ® L 

and 

2?(y) -> Z>(Y) :T^Rp 2 A'P V ® L P\F) ®c {H l {Y,0 Y ))- l [l] 
are mutual inverses. 

6. Geometric description of Mh 

Recall that our goal is to calculate cohomology of certain natural vector bundle 
on A4 (or more precisely, a direct image, see Theorem|4]). In this section we calculate 
the direct image of the extension of this sheaf to M.h (see P4.2I for the definition 
of M.h)- The main result is Proposition 16. 101 The calculation is based on explicit 
identification of Mh, see Corollarv l6.7[ and applying the Fourier-Mukai transform. 

We claim that M.h is the moduli stack of collections (L,W;E), where L is a 
rank 2 degree d vector bundle on P 1 , E is a one-dimensional vector space, V : L — > 
L ® f2pi(S)) ®c E is an Opi -linear morphism, satisfying the following conditions: 

(a) V is not nilpotent, that is V 2 7^ 0. 

(b) trV = 0. 

(c) det V is a section of E® 2 ® c n®i 2 (2>). 

(d) (L,V;E) is semistable. 

Note that tr V is a section of E ®c ^p 1 (25) ■ It follows from (14.2[) that tr V is in fact 
a section of E ®c fipi , which implies condition (jb| . Condition (jcj) is a condition 
on the polar part of V: a priori det V is in E® 2 0c ^pi 2 (2£>). This condition also 
follows from (|4.2p . 

Note that V 2 = — det V® id^. Recall that £ is the line bundle on M. whose fiber 
at (L, V;e£ £) is E. For simplicity we write £ for £\m h ■ The following statement 
follows from (jaj and (jcj above 

Lemma 6.1. 

£® 2 |a4„ — OjvIh- 
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Let us fix a global section fi of f2®i (25) ~ Opi , \i ^ 0. One can choose an isomor- 
phism E C such that dot V = /i (there are two choices for such an isomorphism) . 
Denote by y the moduli stack of pairs (L, V), where L is a rank 2 degree d vector 
bundle on P\ V G # (P\ £ nrf(i) ® n P i(S)), trV = 0, detV = fi, and the pair 
(L, V) is semistable. We have proved the following 

Proposition 6.2. TTie correspondence (L, V) i— > (L, V; G C) yields a double cover 
y — > Al/f . Besides, Mh is identified with the quotient stack fJ-2\y, where ±1 € /i-2 
acte on J 7 &2/ (L, V) i-> (L, ±V). 

It follows directly from the definition of y that the pullback of £ to y is Oy. 
Set ,4 := Opi © f2 P i (25) _1 . Then A is a sheaf of Opi -algebras with respect to the 
multiplication 

(/i,n) x (/ 2 , r 2 ) := (/i/ 2 -/»8n® T 2 , /it 2 + /an). 

Set 7T : Y :— Spec(A) — > P 1 . Denote by G y the preimage of Xi € P 1 , and by 
er : y — > y the involution induced by <7* : A —¥ A : (/, t) i-> (/, — r). 

Proposition 6.3. y is a generalized elliptic curve. 

Proof. Since 7r is a finite morphism, y has dimension 1. The dualizing complex of Y 
is given by Hom(A, f2pi ). Thus we need to show that this sheaf is isomorphic to A 
as an ,4-module. It is clear on the level of Opi-modules, since A ~ Opi © Opi (—2). 
Let 7 € T-Lom{A, fipi) be the composition of the projection — > (r2pi(25)) _1 and 
an isomorphism. One checks easily that the map of .4-modules A — > 'Hom{A 1 f2pi) 
given by 1 1— > 7 is injective. Now, an injective map of a vector bundle to an 
isomorphic one is necessarily an isomorphism. 

Also, H (Y,O Y ) = H°{P\A) = C, thus Y is generalized elliptic. 

□ 

Remark 6.4. Actually Y is always reduced. Precisely, Y is a smooth elliptic curve 
if 25 has no multiple points; Y is a nodal cubic if 25 has a single multiple point of 
multiplicity 2; y is a cuspidal cubic if 25 = 3(a;i) + (£2); y has two components, 
isomorphic to P 1 , which intersect transversally at two points if 25 = 2(xi) + 2(2:2); 
and y has two components, isomorphic to P 1 , which are tangent to each other if 
25=4(xi). 

Proposition 6.5. y is naturally isomorphic to Vic s + Y , that is the moduli stack 
of stable generalized line bundles of degree d + 2 onY . 

Proof. Let (L, V) be a point of y. Then L is an ,4-module with respect to the 
multiplication (/, r)s := fs + r® Vs, let us denote the corresponding sheaf on Y 
by £. It is a standard fact about the Hitchin system that I is a generalized line 
bundle on Y. The inverse construction is given by 1 1— > L := 7r„£. 

Let the weight function w from SJS] be given by the degree of the projection 
7T : Y — > P 1 . Then rk7r„^ = rk^ for any coherent sheaf 1$ on y. 

We would like to show that I is stable if and only if (L, V) is stable. Note that 
V-invariant subsheaves of L are in bijection with subsheaves 4C< via £q i— ► "'*^o- 
Further, 

(6.1) deg4 = x(4) = x(tt*4) = degrr^o + rk7r*4. 

It follows that the stability condition is the same. 
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It also follows from (|6.1|) that the generalized line bundles on Y corresponding 
to rank 2 degree d bundles on P 1 have degree d + 2. □ 

Remark 6.6. If 33 is not even, then Y is integral, and for every £ C £, £q ^ we 
have rk^o = rk£ thus the semistability condition is trivial. 

Fix a degree (d+3)/2 line bundle $ on P 1 (recall that d is odd). A Higgs bundle 
[L, V) is semistable if and only if (Lcg)$,V) is. Therefore, Proposition 15 . 71 implies 
the following 

Corollary 6.7. Consider the map Y — > y that sends y € Y to the vector bundle 
tt*Oy(— y) equipped with the natural Higgs field. The map induces an isomorphism 

YxB(G m )^y. 

Thus Mh is the quotient of the generalized elliptic curve Y by the action of \i 2 xG m , 
where p,i acts by a, G m acts trivially. □ 

Let us use the isomorphism of Corollary 16.71 to describe the universal Higgs 
bundle on P 1 x Mj/. Denote this universal Higgs bundle by £ and its pullback to 
P 1 x Y by £ := (id P i X7f)*£ (here ff is the natural composition Y — » y — > Mh)- 
Recall also that V := Oyxy(— A) is the ideal sheaf of the diagonal. 

Corollary 6.8. We have £ = (tt x id^)*^ ® pji?. TTie action of G m ok £ is ma 

tfte identity character a H ► a and t/ie action of \xi comes from its action on V {on 
Y xY, —l£[i2 acts as a* x a*). 
For the dual bundle, 

i v = (tt x id Y )*v v ® pt(^ v ® ) ® C ff x (y; o y ) v . 

On i/iis bundle, G m acts via the character a a -1 and i/ie action of pi 2 comes 
from its action on V and its action on H 1 (Y,Oy) {by — 1). 

Proof. The description of £ follows from Proposition 16.51 and Corollary 16.71 and 
then the description of £ v follows from Serre duality. □ 

Remark 6.9. It is easy to describe the Fourier-Mukai transform of £: this is the 
structure sheaf of the graph of tt twisted by 

Consider now the sheaf Th ■— p* 3 C ® P23^ V on P 1 x P 1 x Mh- The main result 
of this section is the following 



Proposition 6.10. 



j'-A,*(7p 1 )[- 1 ] if k is even, 



UA,*(7pi (-£>))[- 1J if k is odd, 
where la ■ P 1 — > P 1 X P 1 is the diagonal embedding. 

Proof. The pullback (id P i xP i X7f)*(^ 3 £(g)^ 3 £ v ) to P 1 x P 1 x Y equals p\ z l ®P2 3 £ V 
By Corollary 16.81 and Proposition 15. 17[ we have the following identity on P 1 x P 1 

(tt x ir)*R Pl2 ,4pl 3 V ® P ; 3 V V ) ® pl$ ® p* 2 {d v ® Tpi) ® c H^Y^y^ = 

la,*{^*O y ® 7pi )[-!]. 
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The action of G m on the right-hand side is trivial. The action of 112 on Oy is the 
standard action coming from a : Y — > Y (in other words, — 1 € /j.2 acts by a*). 

Note that tt*8 — Oy, but —1 £ [i-i acts on tt*£ as —a* (and G m acts trivially). 
Since M H = Y/(G m x /i 2 ), 

R Pl2 A^H^P* 3 £ m ) = (i?Pi2,*((id plxP1 X7f)*(.^ ®p*0)) GmXP2 

{(tA,*(7r*Oy (giTpi))' 1 ^-!] if fc is even, 
(<A,*(7r*Oy (g^i))^ 1 ^-!] if fc is odd. 

Here for a sheaf V with an action of /12, we denote by (resp. V^ -1 ^) its eigensheaf 
on which — 1 E /12 acts as 1 (resp. —1). Finally, 

7r*CV = A = O p i 8 fip^D)" 1 , 

and —1 € ^2 acts on Opi as 1 and on fipi(£)) _1 as —1. □ 

7. First orthogonality relation 
In this section, we prove Theorem |4l 

7.1. Recall that JFp = v\^ a ® P%.z^a i s a quasi-coherent sheaf on f x F x M 
equipped with an action of Dp. a along the first copy of P and an action of Dp t - a 
along the second. Accordingly, the direct image Rpi2,*Fp is an object of the derived 
category of p\T>p^ a © p'D p_ Q -modules on P x P. 

Let la ■ P — > -Px P be the diagonal embedding. Recall that <5a is a CDp Q BD p } - a - 
module given by tA,*Op. 

Lemma 7.1. In the category of T>p^ a M T) p^ a -modules we have 

5a = tA,*Op = LA,\Op. 

Proof. Let A be the diagonal in P x P and A be its closure. We can decompose 
iA as 

Since l 2 is a closed embedding, we have 1,2.* = ^2,\- Thus it is enough to show that 

L\^Op = L\,\Op. 

Note that L\ is an open embedding, A — A consists of 8 points, and twists at these 
points are given by ±(af — ct[). Now the statement follows from conditions (jaj) 
and JdJ of §2.11 Note that la,* and iA,! are exact functors, since iA is an affinc 
embedding. □ 

Further, the restriction (iA x 'vImYFp is a quasi-coherent sheaf on P x A4 
equipped with a structure of a 2)p-modulc. Recall that p : P — > P 1 is the nat- 
ural projection. It is easy to see that we have a natural inclusion p*£ C £ Q (see 
Remark 12. 2p . Thus, the identity automorphism of £ gives a horizontal section 

1 G H°(P x M, (la x id M y(php*t ® P23P*£ V )) C H°(P x M, (la x id M )*^)- 

We thus obtain a horizontal section of £>i,*(tA x '^m)* Fp, which can be viewed as 
a morphism 

Op Rpi,*(iA x idjvi)*^ = L* A Rpi2,*J r p 
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in the derived category of Dp-modules (we use base change). Finally, adjunction 
provides a morphism 

tp : Sa[— 1] = t>A,\Op[—l] -> Rpi2,*Fp 

(we are using Lemma [7TTj) . Note that the appearance of the shift [—1] is due to the 
fact that our inverse images are O-module inverse images; from the point of view 
of D-modules they should contain shifts. 

Theorem |4] claims that ip is an isomorphism. We derive Theorem |4] from two 
statements that are proved later in this section. 

Proposition 7.2. The direct image R(p x p)*Rpx2,*Fp vanishes outside the diag- 
onal in P 1 x P 1 . 

Proposition 7.3. Consider the morphism 

H\ V ) : 6 A -> R 1 Pi2 ,^p 

induced by ip. Then its cokernel is such that (p x p)„ Coker(_ff is coherent. 

Remark 7.4. Note that in Proposition 17.31 we consider naive (not derived) direct 
image (p x p)*. Actually, higher derived images R l {p x p)*G (i > 0) vanish for any 
p^Dp^a © p*D p-Q-module Q (see Remark \7 . 1 0t|m)) ) . 

Proof of Theorem^ By Proposition [4Tj we see that R?pi2,*J r p = for all i ^ 0, 1. 
Also, R°pi2,*J-p vanishes at the generic point by Proposition \7.2\ which implies 
R°Pi2,*J 7 p — 0. Thus Rp\2.*Tp is concentrated in cohomological dimension one. 
It remains to show that H 1 ^) is an isomorphism. 

By construction, ip ^= 0. Since 5a is irreducible as a p'T>p ta ® p\T) p.- Q -module, 
H x {ip) is injective. Its cokernel J"' := Coker(_ff 1 (<p)) is a,p'Dp ia ®p''Dp t _ a -module 
such that (p x p)*^ 7 ' is a coherent sheaf (by Proposition 17.31) that vanishes generi- 
cally (by Proposition 17. 2[) . It is now easy to see that J-' = 0. 

Indeed, consider a stratification of P x P by sets of the form {(xf, Xj 1 )}, {xf} x 
(P 1 - £>), (P 1 - ID) X {xf}, and (P 1 - £>) x (P 1 - D). We can now show that T' 
vanishes on all strata by descending induction on the dimension of strata. □ 

7.2. Proof of Proposition [THJ 

Lemma 7.5. 

Proof. The sheaves are obviously identified on (P 1 — 55) x J\4, so it remains to verify 
that this identification extends to P 1 x X. It suffices to check this on D x A4, 
where D is the formal neighborhood of x\. The restriction £\dxm decomposes 
into a direct sum £ + © £ _ of one-dimensional bundles that are invariant under the 
connection (that acts in the direction of D). This can be viewed as a version of 
diagonalization (12.11) . 

The preimage p _1 -D is a union of two copies of D glued away from the center, 
and the restrictions of £ Q to <p~ x D is of the form (j + x i6.m)*^+ © (j_ x idjV()*£-, 
where j± : D — > p~ x D are the embeddings of the two copies (see Remark \2.2\i . 
Since p o j± = idu, the claim follows. □ 

Consider now the sheaf F v i := p{ 3 ^ © on P 1 x P 1 x M. 

Corollary 7.6. 

R(p x p x \A m )*^p = -7t»i- 
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Proof. This follows from Lemma l7.5l and a similar statement about upon writing 
Tp = AJ 4 (£ Q m £0, where A 24 : P x P x M ^ P x M x P x W is a partial 
diagonal. □ 

By Corollary EH 

(7.1) R(p X p)*Rpi2,*J 7 p = i?Pl 2 ,*J>i. 

The advantage of working with £ rather than £ Q is that £ is naturally defined as 
a vector bundle (the universal bundle) on P 1 x Af. Accordingly, Tpi extends to a 
vector bundle 7 := p\ 3 £, ®p| 3 £ v on P 1 x P 1 x AT. Set 

:= J^P 1 x P 1 x Aiff)), fceZ. 

Let j : P 1 x P 1 x M — >• P 1 x P 1 x At be the natural embedding. In view of 
Proposition ^. 71 we have a filtration 

(7.2) J =JC---CP i C-"CP oo := j» Jpi . 

We shall use notation A for diagonals in P x P and P 1 x P 1 through the end of 
this section. 

Lemma 7.7. For any k and i there is an isomorphism 

(-R I pi2,*^ r pi)|p 1 xP 1 -A — (-R J pl2^ r fc)|pixP 1 -A- 

Proof. For every k we have the short exact sequence 

— > -Ffc-l — > J 7 ^. — » t*(J r fc|pi x P 1 xA4f f ) —> 0, 

where cP'xP'x A4# — > P 1 x P 1 x M is the closed embedding. Since 

-^felpixPixA^H = Fh ® P%£® k , 

Proposition 16.101 implies that Rpi2,*(J~k/ 'J^k—i) — away from the diagonal, so 
Rpi2,*J°k = Rpi2,*Fk-i away from the diagonal. Now the claim follows from the 
identity R l pi2^F P i = HmR i pi2,*J 7 k- □ 

Proof of Proposition ^. 6 ^ Consider (x, y) E P 1 x P 1 — A. We have 
(7-3) H l (M,T\ (x , y) ) = W(M,F P i\^ y) ) = 

for i > 2 by Proposition 14.11 Next, H°(M,jF\^ x ^) is finite-dimensional because 
the good moduli space of AJ is projective. It follows that H°(M, Fk\( x ,y)) = for 
k <C because M. is connected and J-pi is a vector bundle. Therefore Lemma [77fl 
implies that 

(7.4) H°(M, T\ (XtV) ) = H°(M,F,i\ ix , v) ) = 0. 

It remains to show that Q := (i? 1 pi2,*.? r pi)|p 1 xP 1 -A vanishes. By Lemma 17.71 
G = i? 1 pi2,*^ r |p 1 xP 1 -A- Moreover, (]7.3p and (|7.4|l imply that £ is a vector bundle 
on P 1 x P 1 — A. Its rank can be computed using the Euler characteristic; it equals 
—X{M,£, X 53 £y ) for any x, y E P 1 . (Here ^ is the restriction of £ to {a;} X AT.) 

Recall from ij4.2l that the stack Af depends on the divisor T) and the formal 
type, which we encode by v x E fi P i(!D)/Q P i and z^ 2 € 9,®? (2D) /ft®? (Q). By 
Proposition 14. 14) as the parameters vary, stacks AJ form a flat family Af U niu over 
a Zariski open subspace in the space of collections (2), ^1,^2). The vector bundle 
£x ® £^ makes sense in this family. We shall use 
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Lemma 7.8. Let X — > S be a flat family of stacks over a scheme S . Let J- be a 
flat sheaf on X . For s £ S denote by !F S the fiber over s. Assume that there is a 
good moduli space p : X — > X such that the induced map X — > S is projective. 
Then x(J~ s ) is locally constant as a function of s. 

Let us apply this Lemma to £ x <8>£y ■ A slight generalization of Theorems [6] and [7] 
shows that Ai U niv has a good moduli space M un i V , which is projective over the 
space of collections (2), fa)- Therefore, x(-M,£ x ®£y) does not depend on 2), v\, 
and V2- In particular, we may assume that 2) — x± + X2 + £3 + £4 for distinct 
Xi € P 1 and that V\, are generic. Using Lemma [7.71 we see that it is enough 
to prove that H l {M.,^ x ® £^ ) = for x ^ y and all i in the case of simple 2) and 
generic v\ and v^. This case is treated in |Ari2[ Theorem 2], except for a slight 
difference that £L(2)-bundles are considered there. However, both moduli stacks 
have the same good moduli space, so the cohomology groups are the same (in fact, 
our moduli space is M x B(G m ), while the moduli space in |Ari2| is a /i2-gerbe 
over M. □ 



Proof of Lemma \L^ Note that p*T is flat on X. Indeed, if Q is a sheaf on X, and 
Q* is its resolution by locally free sheaves, we have 

Tor l {G,p^) = H-\Q* ®p*F) =p*H-\p*g* ® F) = 0. 

We have used the projection formula and the fact that good moduli spaces are 
cohomologically affine. 



By Proposition 4.7(i) of Alp , the restriction of p to s g S is a good moduli 



space p s : X s — > X s so we have 

x(^s) = x(Ps,*F s ) = x((p*F)s)- 

(We are using a base change). 

By Theorem 4.16(ix) of |Alp| , the map X — > S is flat, and we see that x((P*^)s) 
is locally constant. □ 

7.3. Proof of Proposition 17.31 It is convenient to replace Dp iC[ -modules with 
modules over a certain sheaf of algebras on P 1 . Let us make the corresponding 
definitions. We identify Dp. Q with a subsheaf in the pushforward of D P i_j, to P. 

Let Zi be a local coordinate at xi. Let us lift polar parts af to actual 1-forms 
on formal neighborhoods of Xi\ we shall denote these 1-forms by the same letters. 
Consider the open embedding j : P 1 — D <— >• P 1 . 

Define the sheaf of algebras B = B a C j*2)pi_x> as follows: 

• We have B|j>i-5) = 

• Near x l e P 1 , B is generated by O r i , z?'-^, and z^ ,H ( z ^^^)[ z ^±^.). 

Clearly, B inherits from j^T> P i_^) the filtration by degree of differential operators. 
We denote by B- k C B the subsheaf of operators of degree at most k. 
The properties of B are summarized in the following 

Proposition 7.9. (a) B = p*2)p jQ . 

(b) Moreover, i? 1 p*Dp )C[ = 0, so that B = i?p»Dp iCe . 

(c) £<fc/£<fc-i = T^ k {- [f] 2)). {Here \] is the ceiling function.) 
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Remark 7.10. (i) The isomorphisms (jaj) and (jcj) are naturally normalized by the 

condition that they become the obvious identifications on P 1 — 35. 

(ii) Let us fix fi £ H° (F 1 , Q,®? (®)) , fj, ^ 0, as in gBJ Then (jcj) can be rewritten as 



<fe / 12 <fe-i 



B Sk /B 



7pi (—2)) if k is odd, 
P i if k is even. 



(iii) Actually, p : P — > P 1 is affine with respect to Bp iQ in the sense that the 
functor p* is exact on 25p Q -modules and provides an equivalence between the 
category of Dp iCe -modules and that of B-modules. We do not use this claim, so its 
proof is left to the reader. 

Proof of Proposition \ 7. 9\ As we have already mentioned, the claims are obvious on 
P 1 — 3D. Therefore, it suffices to consider the formal neighborhood of a point Xi. 
Since we concentrate on a single point, we drop the index i to simplify the notation, 
so a ± = af, z — Zi, and n = m. 

Let D K := C((z))<£) be the ring of differential operators on the punctured 
formal neighborhood of X{. Set 



and 



Bo := C[[z}} (6, B) c D K , D± := C[[z]] ) c 'D 



K ■ 



dz 

Then the restriction of B to the formal neighborhood of Xi is Bo, the restric- 
tion of Dp.c to the formal neighborhoods of xf is 1>q, and the restriction of 
R p*Dp ja (resp. i? 1 p*Dp ia ) to the formal neighborhood of Xi equals T>q n Dq 
(resp. Dk/{T)q + Dq)). The proposition thus reduces to the following statements: 

(1) Bo = V+nVo, 

(2) V K = V+ + Dq, 

(3) The set {1, 5, B, B8, B 2 , B 2 S, . . .} is a basis of B as of a C[[z]]-module. 
(Note that the symbol of 5 (resp. the symbol of B) is a section of 7pi (—35) 
(resp. ofT P ? 2 (-35)). 

Set F :— C[[z}](5) C T>k, and introduce the filtration 

• ■■ C zF C F C z- x F C ••• C T> K . 
For an element C £ T>k denote by C its image in giiDx- 

Lemma 7.11. (a) This filtration is exhaustive, separated, and compatible with the 
ring structure. 

(b) If n > 1, then the associated graded ring is isomorphic to C[z, z ,5], that is, 
to the ring of functions on A 1 x (A 1 — 0). 

(c) For n — 1 the associated graded ring is isomorphic to C[z, z~ l ] (S) / (Sz — zS — z), 
that is, to the ring of differential operators on A 1 — 0. 

Proof, (jlj) Note first that every element of C £ Djc can be written uniquely as 
(7-5) C = ^2Mz)S l , 

l>0 

where fi{z) £ C((z)). It follows from commutation relation 
(7.6) [S,z k ] =kz k + n - x 
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that C £ F if and only if for all I we have fi(z) £ C[[z]]. Thus C £ z~ k F if and 
only if for all I we have z k fi(z) £ C[[z]]. Hence the filtration is exhaustive and 
separated. 

It follows from commutation relation (|7.6[) by induction on I that S l z k £ z k F. 
Now it is easy to see that the filtration is compatible with the ring structure. 

jbj It follows from (|7.6|) that z and 5 commute in grD^ if n > 1. Thus we get a 
homomorphism 

Clz,z-\6}^grV K . 

Using presentation (|7.5|) . we see that it is bijective. 

The proof of (jc} is similar to that of (jbjl. □ 

Denote by a ± the leading coefficient of a = a z~ n dz + . . . , and define the 
polynomials qf' (t) for a non-negative integer I by 




>' if 72 > 1 , 

± — i) if n — 1. 



«f(t) 



Lemma 7.12. (a) TTie image of y d ° j in grCD^- is z ™'g ; (£). 
(6) TTie image of B l ingiT>K is z~ nl qf(5)qf(S). 

Proof, (Jaj) The image of d ~" in gr is — a*). If n > 1, then the statement 

follows from commutativity of grD^ . 

If n = 1, then we have to move all copies of z~ x to the left in (z -1 (<5 — a ± )) / . 
Now the statement follows from the relation 

(7.7) (S-ajz- 1 = z- 1 (5-a-l), a £ C. 

jbj We have B = z~ n (5 — a + )(S — a~). Now the case n > 1 is obvious, the case 
n = 1 again follows from (|7.7|) . □ 



By Lemma 17.111 any element of gr_ fc Dk can be uniquely written as 

z- k p(S), p(5)£C[S}. 

Denote by grD^ the set of images of all elements of Dq in grD^. Define grBo 
similarly. Fix k £ Z and set I := [~^"|. 

Lemma 7.13. 

(a) z~ fc 7j((5) € gr Dq i/ and on/t/ if k < or q^(t)\p(t); 

(b) z~ k p{8) E grBo if and only if k < or qf(t)qf(t)\p(t). 

Proof, (a) Consider any element C £ T>q, C ^ 0. It is easy to see that it can be 
uniquely written as 



lljZ J 



dz 



i,j>0 

with fij £ C. Let k be the maximum value of the function > ni — j on the 

set fij 0}. Then Lemma [TTTHjlj) shows that 

C£ E f ij z- k qt(S) + z 1 - k F. 

ni—j—k 
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Since elements z k qf(S) form a basis in gr_ fe Djf, we see that C ^ z 1 k F and 

c= 53 /<i*~V(*)- 

ni—j=k 

Since j > 0, we see that i > ~, so i > Z. Thus if k > 0, then (7 = z~ k p(8), where p 
is divisible by 

Conversely, given a polynomial p divisible by q~l (or any polynomial if k < 0), 
we can write p = J2i>i filt with fi £ C. Set 

i ' 

Then C £ Dq and (7 = z~ k p(S). The case of is completely similar. 

(b) Consider C £ B Q with C = z~ k p(S). It is easy to see that Bo C n D . 
Thus it follows from part (a) that qf{t) divides pit). Thus qf(t)qf(t) divides p(t), 
since q[ it) and <?; + (£) are coprime. Finally, assume that qf(t)q^{t) divides pit), we 
can write 

pit) = 53 +5>*«i"(*)«r(*)> /i,fte c. 

Set 

C = 53 fiZ ni ' k B i + 53 giZ™- k &5. 

i i 

Clearly, C = z~ fe p(5). □ 

We now see that the identities ([J)-© hold in the associated graded ring of T>k , 
and hence also in itself. The proof of part (b) of the lemma shows that every 
element of gr Bo H gr_ fe T>k can be uniquely written as 

53 f i z ni ~ k B i + 53 g l z m ~ k B l 8 

i>k/n i>k/n 

with fi,gi £ C, and © follows. The proof of Proposition 17.91 is complete. □ 

Proof of Proposition \ 7. 3\ Our first goal is to reformulate the proposition as a state- 
ment about the cokernel of a map between sheaves on P 1 x P 1 . 

Note first of all that any p\Dp, a © p'D p,_ Q -module Q on P x P is, in particular, 
a p^ 1 Dp ja -module. Therefore, (p x p)*Q has a natural structure of a pj" 1 S-module 
coming from the isomorphism of Proposition I7.9f [aj). (There is also a commuting 
structure of a p^ £>_ Q -module that we do not use.) 

Thus 

(7.8) (p x p)*H l ((p) : (p x p)J A -> (p x p)*R 1 p 12l *J 7 P 

is a map of pj~ 1 S-modules. 

Consider 5a as apj" Dp Q -module. It is isomorphic to iA,*(23p,a ( 8 ) Op7p), where 
iA,* is the O-module pushforward. By the projection formula, Proposition l7.9l gives 
an isomorphism in the derived category of p^S-modules 

(7.9) R{p x p).J A = la.^B ®o rl 
Using this and (|7.1|) . we re- write (|7.8j) as 

(7.10) (px p^H 1 ^) : LA,*{B®o rl T P i) -> -RVv-Ttpl 
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As was explained in the proof of Theorem HI H 1 ^) is injective. Also, R l (p x 
P)*Sa =0 by ()7.9p . We now see that 

(p x p)„ CokerfiZ" 1 ^)) = Coker((p x p^iJ 1 ^)). 

Thus it remains to prove that the cokernel of (|7.10[) is coherent. Note that (|7.10p 
is an injective maps between p~[ S-modules. 

Now recall that J-jpi naturally extends to a vector bundle T := p 13 £ <8>P23^ V 011 
P 1 x P 1 x A4, which provides the filtration (|T. 2[) . By Proposition 16 . 101 we obtain an 
induced filtration 

(7.11) ^Pu,*^ C • • • C R 1 pi2,*J 7 k C • • • C R^Pw^Foo = # 1 f>i2,*-7 r p 1 
of -R 1 pi2 ! *J r pi by coherent sheaves on P 1 x P 1 . 

Lemma 7.14. There is I € Z such that for k ^ the image of iA,*(B~ k ®O p i 7pi) 
under |7.i0| ) is contained in R l p\2^Tk+i and such that the induced map 

(7.12) <, A ,*((B^ fe +7i^ fe ) <g> 0pl T P i) -> i?Vi2,*^fe + ; + i/i?Vi2,*^+/. 
is an isomorphism. 

Proof. By construction, the filtration (|7.2p agrees with the filtration on £?, so that 
(Pi 1 B- l )J 7 k C -7^+;. Therefore, the filtration (|7.11l) also agrees with the filtration 
on B. Using Remark l7.10[fu|) and Proposition 16. 101 we see that for k ^> 
(7.13) 

,, < fe/ < t _i, ^ . i , i J tA,»7^? 2 (-D) if fc is odd, 

I tA,*7pi if k is even. 

For each fc, let Z(fc) be the smallest index such that the image of t-A.*(B- k <S>o rl Tp 1 ) 
is contained in i? 1 pi2,*-7 r fc+i(fc)- Since the filtration (|7.11l) agrees with the filtration 
on B, we see that l(k + 1) < l(k) for all k. Also, injectivity of (17.101) implies that 

< rk4(i?V2,»^fc+i( fe )) - MB- k ®o pl T P i) = (k + l(k) +rk ^(EV^o)) - fc, 

and therefore Z(fc) > — rk L* A {R}p\2,* -7"o)- Thus Z(A;) stabilizes as k — > oo; set I := 
liml(k). 

By the choice of I, the map (|7.12[) is non-zero for k ^S> 0. Note that such non-zero 
map does not exist if k and Z are odd. Therefore, Z must be even. We now see that 
for k 3> 0, the map (|7.12p is a non-zero morphism between isomorphic line bundles 
on A. This implies (|7.12l) is an isomorphism. □ 

It follows from the lemma that R 1 p\2,*Fk maps surjectively onto Coker(p x 
p)*i? 1 ((/?) for k^> 0. This completes the proof of the proposition and of Theorem[4] 

□ 



8. Second orthogonality relation. 

In this section we prove Theorem [5] The proof is similar to |Ari2| but we want 
to give some details. 

We need to calculate Rpi2,* DE(J'x), where pi2 : M x M x P ^ M x M. Our 
first goal is to reduce the problem to a calculation onXxXxP 1 . Recall that £ is 
the universal bundle on Mx P 1 , set £12 := Hom(p2 3 £, Pi 3 £) . We have a connection 
along P 1 

adV : £12 £12 ®P3ft P i(D). 
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Its polar part is a well-defined O-linear map 

MxMx'S ■ 

Let J]i2 be the image of this map. Denote by £12 the modification of £12 <8> Pjjf^pi 
whose sheaf of sections is 

{s € £12 ® P3^pi(S)|xxA4x£) : s|a4xA4x:D € ??12}- 

As in |Ari21 Lemmas 12, 13] one proves that 

R Pl2 ,,VR(T M ) = «Pi2,,Ki2 ^ I12). 
The next step is to calculate the restriction of the above to a fiber over a point. So 
consider a closed point x e M x M and let J 7 ' be the restriction of £12 a V > £12 
to x. 

Proposition 8.1. (a) If x ^ diag(A^), then H^J 7 ') = for any i; 

(b) If x € diag(TW), then 

( 1 ifi = 0,2, 
dimH 4 (J"') = t 2 ifi= 1, 
I otherwise. 

(c) Suppose x = ((L, V), (L, V)) G .M x A4. Consider the map of complexes 

(O p i A Dpi ) J 7 * 
induced by Opi — > £12 \ x ■ f /idz,. Then the induced map 

H' l DR (P\C) := HP (P 1 , Opi A fipi) -> H 4 (J"') 
is an isomorphism for i = 0, 2. 

The proof is analogous to the proof of |Ari2[ Proposition 10]: one uses irre- 
ducibility, duality, and Euler characteristic. 

As in |Ari2[ Lemma 14] the duality gives the following 

Lemma 8.2. Let S be a locally Noetherian scheme, 1 : S — > M x Ai. Set 

F( S ) ■= Rpi,*(( L x idpO*(Ci2 £12)) 
(here p\ : S x P 1 — > S). Then 'Hom(H 2 (J r (g- ) ) 1 Os) is isomorphic to a subsheaf of 

Next, diag : M — > M x M is a G m -torsor over diag(A^) (cf. Remark |2~7| . 
Denote by Horn the corresponding line bundle. Note that the fiber of Horn over 
((Li, Vi), (L 2 , V 2 )) is {A e Hom 0pl (Li,i 2 ) : AVi = V 2 A}. Now the following 
corollary of Proposition 18 . 1 1 is obvious. 

Corollary 8.3. (a) Rpi2,*(£i2 ad V > £12) vanishes if restricted to M. y. M. — 

diag(A^). 

(6) XTie map 

p 12 Hom ®p£ (Opi A fipl) ($12 — ^> Cl2)|diag(A4) 

induces an isomorphism 

Hom = HomOH^P 1 , (O p i A fi P i)) -► fl 2 p 12 ,* ((£ 12 ^> £i 2 )|dia g (A4)) ■ 



38 



D. ARINKIN AND R. FEDOROV 



Let us use the following observation (cf. |Ari2[ Lemma 15] and |Muml Lemma 
in §13]). 

Lemma 8.4. Let Z be a locally Noetherian scheme, Y C Z a closed subscheme 
that is locally a complete intersection of pure codimension n. Denote by i :Y «-> Z 
the natural embedding. 

(a) Let J- be a quasi- coherent sheaf on Z such that T\z-Y — 0, L n t*J- = 0. 
Then J- = 0. 

(b) Let T* = (J 70 — > J- 1 —>...) be a complex of flat quasi- coherent sheaves on 
Z such that H 1 {F')\ Z -y = for all i < n. Then H^T*) = for i < n. 

Proof of Theorem^ Clearly, diag(.M) = M x _B(G m x G m ) is a complete intersec- 
tion in M x M = M x M x B(G m x G m ). Thus Lemma [OP and Corollary |Qja| 

imply that #pi 2> .(& 2 ^> I12) = for i + 2. Set := R 2 Pl2 A^2 ^ 62). 
Corollary 18 . 3tfhT)) implies that Horn = J-^\di&g(M)- L is easy to see that Horn, 
viewed as a sheaf on Ai x Ai, is equal to (diag t Om)^, where ip is the character of 
G m x G m given by (£1,^2) ^ (because a 1-dimensional vector space E can 

be identified with weight —1 functions on E — {0}). 

To complete the proof, it remains to check that is concentrated (scheme- 
theoretically) on diag(A^). Assume for a contradiction that it is not the case. Note 
that J 7 ' 2 ) is coherent and concentrated set-theoretically on diag(A^). 

Lemma 8.5. Let Z be a locally Noetherian scheme, Y C Z be a closed sub- 
scheme. Let Q be a coherent sheaf on Z concentrated set-theoretically but not 
scheme-theoretically on Y . Then there is a local Artinian scheme S and an S- 
point of Z such that S red factors through Y and such that the restriction of Q to S 
is not concentrated on the scheme-theoretic preimage ofY. 

We see that there is an S'-point of Ai x Ai such that the restriction of J-^ to 
this point is not concentrated on the preimage S' of the diagonal. Let J-( 5) be as 
in Lemma T8.2( using base change we see that H 2 (^s)) is not concentrated on S'. 
The duality for Artinian rings shows that Hoin(H 2 (jF^), O5) is not concentrated 
on S' either. But then Lemma [8.21 gives a contradiction, since H (F(g)) i s easily 
seen to be concentrated on S'. □ 

Proof of Lemma \8.5[ We can assume that Z = Spec A, Y = Spec A/ a, Q corre- 
sponds to an A-module M; by assumption aM 7^ but a n M=0 for n big enough. 
Consider a maximal ideal m such that (oM) ra 7^ 0. It follows that m D a. By 
Nakayama's Lemma n n va n M m = and we can choose n such that aM <f_ m n M. 
We can take S = Spec(A/m" ). □ 

9. Relation to the Langlands correspondence 

In this section we prove Theorem [3j Let us present the main steps. Recall that 
D = Y^, n iXi- Set 

, , niXdzi _ niXdzi 

Pt:=at + —— ^ i=a * ^ — 

where A := 53j resa~, z% is a local parameter at Xi. Note that the polar parts fif 
do not depend on the choice of Zi. Denote now the moduli space Ai defined in W2.1\ 
by At a to make the choice of formal types explicit. For a sheaf TZ of rings we denote 
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by 1Z- mod the category of left TZ- modules, by V b (lZ) the bounded derived category 
of Tvl-mod. We shall prove first that 

B &Sr(-i),a- mod = £W(-i),a-mod ~ Vp.p-mod. 

It remains to prove the following equivalences 

V b (V P , p ) ~ V b (Mp) { - 1] ~ V\M a )^- 1 l 

Note that if satisfy the conditions of $2.1\ then ftf satisfy these conditions as 
well ((jcj and (0} can be checked case by case). Thus the first equivalence follows 
from Theorem O For the last equivalence we shall prove that Ai a ~ M. fi- 
ll is well known that the definition of the derived category of D-modules on a 
stack requires some caution. In this paper, we ignore the difficulty and use the 
naive definition: the derived category of 1^sun(-i) ^-modules is simply the derived 
category of the abelian category of D-g^v^ ^-modules. 

9.1. Twisted CD-modules on algebraic stacks. Let us summarize the properties 
of modules over TDO rings on algebraic stacks. We make no attempt to work in 
most general settings, and consider only smooth stacks, and only twists induced by 
torsors over an algebraic group. This case is enough for our purposes. 

Let G be an algebraic group with Lie algebra Lie(G). Fix a G-invariant functional 
6 : Lie(G) — > C. First, consider twisted differential operators on a variety. 

Let X be a smooth variety and let p : T — > X be a G-torsor on X. These 
data determine a TDO ring T>x,T,e on X, which is obtained by non-commutative 
reduction of the sheaf of differential operators T>t on T. 

Namely, every £ 6 Lie(G) gives a first order differential operator a(f ) — 0(f) € T>t, 
where the vector field a(f) on T is the action of f. Let I be the ideal in p*Dt 
generated by these differential operators. It is easy to see that this ideal is G- 
invariant, and we set 1>x,T,e '■= (p*2?t / I) G ■ 

The category of quasi-coherent Djsf.T.e-niodules can be- described using a twisted 
strong equivariance condition. Let M be a ©^-module equipped with a weak G- 
equivariant structure (that is, M is G-equivariant as a quasi-coherent sheaf, and the 
structure of a Dr-module is G-equivariant). We say that M is strongly equivariant 
with twist 6 if the action of £ £ Lie(G) on M induced by the G-equivariant structure 
is given by a(£) - 0(f). 

Remark 9.1. The sheaves of twisted differential operators have been introduced in 
[BBlj . The correspondence between Dx.T.e-modules and twisted strongly equivari- 
ant modules is a particular case of the formalism of Harish-Chandra algebras from 
[BBll §1.8]. 

Let now X be an algebraic stack, and let T — > X be a G-torsor on X. Every 
smooth morphism a : X — > X from a variety X induces a G-torsor a*T on X, and 
we obtain the TDO ring T>x, a *T,e- Such TDO rings form a D-algebra on X in the 
sense of [BBlj . We denote this D-algebra by T>x,T,e- Note that T>x,T,e is not a 
sheaf of algebras on X. 

By definition, a D^.^.e-niodule M is given by specifying a Djf.a-T.e-module M a 
for every smooth morphism a : X — > X and an isomorphism of 1^Y,(aof)*T,e' 
modules f*M a ~ M ao f for every smooth map / : Y —> X of algebraic varieties; 
the isomorphisms must be compatible with composition of morphisms /. Note in 
particular that M is a quasi-coherent sheaf on X. 
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Example 9.2. Let X := B{H) be the classifying stack of an algebraic group H. Set 
X = Spec C. The natural map a : Spec C — > X is an TJ-torsor (and, in particular, 
a presentation). For any G-torsor T on X, the pullback a*T is isomorphic to the 
trivial torsor G — > SpecC. Fix a trivialization a*T ~ G. The group acts on 
a*T = G; this is the right action for a homomorphism -0 : H — > G. In other 
words, T is the descent of G — > Spec C, and ^ provides the descent datum. 

Let M be a CD^T^-module. It is easy to see that the TDO ring X>specC,G,e 
is just the field of complex numbers, so the 2)spccC,G,e-module a*M is a vector 
space V. Let us view a*M as a strongly G-equivariant 23 Q *T-module with twist 
9. It corresponds to the free Oc-module V 0c Oq with the obvious G-equivariant 
structure. The action of T) a *T is uniquely determined by the twisted strong equiv- 
ariance condition. On the other hand, a* M also carries a structure of a strongly 
-H-equivariant D-module; this structure is essentially the descent data for M . If 

V =/= 0, then such structure is provided by a scalar representation of H on V whose 
derivative is — 9 o d^. 

In particular, suppose that the character 9odip : Lie(H) — > C does not integrate 
to a representation Hq — ¥ G m , where Hq C H is the identity component. Then 

V = and therefore the only 2)^ j T,e-module is the zero module. 

9.2. Step 1: Dg^v X ) Q — mod = Dg UIt (_i). Q — mod. In this section we shall prove 

Proposition 9.3. Assume that (L,r)) G Bun{— 1) does no£ correspond to a con- 
nection (L, V) £M in t/ie sense of §^.5*1 TTien £/ie restriction of any ^^mi(-i) a~ 
module £ to (L, 77) is zero. 

This proposition and Proposition I4.8t|b|) imply that the restriction of every 
■^ > Bun(-i) ^-module to a point (L,r)) such that {L^rf) ^ Bun{— 1) is zero. This 
is valid for not necessarily closed points, and the step follows. 

Proof of proposition. The proof is based on Corollary 14.41 and Example 19.21 

Consider Example 19.21 with H = Aut(£,f?). Recall from ^2.41 that the twist is 
given by the torsor 

T = riuniv X si^(_l) Vuniv 

over G = C[S)] X x C[S] X and the character 9 = (a + ,a~). One easily checks that 
ip : Aut(L, 77) — > C[S)] X x C[2>] x is given by the action of automorphisms on 77 and 
(L\s)/v- Thus, in the notation of Corollary 14.41 d-0 : A n- (A + ,A-) and 

(9.1) 9 o dtp : A i— > res(A + a + ) + res(/l_a!_). 

Now assume that (L, V) does not correspond to any connection; our goal is to prove 
that 9odip does not integrate to a character of the identity component of Aut(L, 77). 
It follows from Corollary 14.41 that there is A £ End(L,r;) such that 

ies(A + a + ) + res(A_a_) + (A, b(L)) ^ 0. 

It is enough to consider two cases: A is nilpotent, and A is semisimple. In the first 
case it follows from (|9.ip and (|4.1j) that 9 o dip (A) ^ and 9 o dip cannot integrate 
to a character Hq — > G m , so we are done. 

Let A be semisimple. It follows from (|4.1[) and condition (jb| of £12. II that 

res((id L ) + a+) + rcs((id L )_a_) + (id L , b(L)) = 0. 

Thus A is not scalar. Then (L, 77) decomposes with respect to the eigenvalues of A 
as L — Li © L 2 (and for every i we have r/\ niXz = L x \ n%Xi or r\\ niXi = L 2 \r H x i )- 
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Let A' be the endomorphism of (L,T)) that is zero on L\ and the identity on L2. 
We see that 

ves(A' + a + ) + res(A'_a_) = res af g Z 

i 

by condition (jcj) of 12.11 Again, 9 o dip does not integrate and we are done. □ 

9.3. Step 2: Dg„(_i) jQ — mod ~ Dp^p — mod. Recall that Bun(— 1) = P/G m , 
where G m acts trivially. 

Let 7r : P —> Bun(-l) be the projection. It follows from the definition of a 
(strongly) equivariant D-module that f B„ n (_i), a — mod ~ TT m ^Bv,n(-i),a ~ m od. 
So all we have to check is that 7r*23B un (-i). Q = ^p,p- 

By Proposition 14.101 we have Bun{— 1) = P/G m , where P is glued from two 
copies of P 1 , which we denote now by and PL (so that xr G ¥]_). We saw 
that P can be viewed as the moduli space of triples (L, rj, Oj>i(— 2) <-» L,,) (cf. 
Remark |4.11[) . We shall be using the notation from the proof of Proposition 14.101 
Let p : P — > P be the projection. We assume that /0 _1 (P+) is given by p' ^ 0, while 
p^ 1 (¥ 1 _) is given by p 7^ 0. 

Lemma 9.4. For all i there exists a unique (L,rj) G Bun(— 1) sttc/i £/ia£ 77^ = 
(Opi) Xi C L Xi and under the above description of Bun (— 1) i/iis point corresponds 
to x~ . 

Proof. Consider the composition Opi(-D) L(— 33) °-> L r; . Clearly, ?7 Xj = 
(Opi)a 4 if and only if this composition is zero at Xi . This happens if and only if 
the rank of ip' : Opi (—53) © Opi (—2) — > drops at ir, with the kernel Opi (—D) Xi . 
This is in turn equivalent to q = Xi, p' — 0. □ 

Let 5 be the line bundle on Bun(— 1) whose fiber at (L, 77) is detRr(P 1 , L). Let <5' 
be the pullback of 8 to P. Fix 00 G P 1 - S3 . 

Lemma 9.5. 8' ~ Op(2(oo) — Yl n i x 7)- 

Proof. Let rj G G m act on P by 

(9.2) t-(p,p',q) = (p/t,tp',q). 

This action gives rise to a G m -torsor P — > P. We claim that the corresponding 
line bundle is 8'. 

Indeed, consider the cartesian diagram 

P — P 

I 1 

P ► Bun(-l). 

Here the left hand arrow is the torsor described above. The top arrow corresponds 
to forgetting the embedding Opi (—2) — > L v . Thus P on the right parameterizes 
parabolic bundles with embeddings Opi — > L. However, such an embedding is 
the same as a non-zero element of detRr(P 1 ,i) = ^(P 1 ,^). Hence the torsor 
on the right is the one corresponding to 6, and the torsor on the left is the one 
corresponding to 8' . 
We have 

P~V+) = {(/(9)/pV,?)en 
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where p' ^ is in the fiber of Ofi (2) over q. Thus p _1 (Pi_) is the total space of 
Opi(2) with the zero section removed, and the action (|9.2[) is the standard one. 
Hence 8'\ r x = Opi(2). 
Further, 

P ~ 1 (Fl) = {(p,f(q)/p,q)eP} 
is also the total space of Opi (2) with the zero section removed but the action (I9.2[) 
is the inverse one, so the total space of the corresponding line bundle is obtained by 
compactifying at infinity and S'\ r i — Opi(— 2). We also see that if a meromorphic 

section s of 6' has order mi at x\ , then it has order rm — ni at x~ . 

Let s be a section of Opi(2) = <5'|pi_ with a double zero at oo. We view it as 
a meromorphic section of 6' . It has no other zeroes on Pi, and, by the previous 
remark, it has a pole of order m at x~ . Thus the divisor of s is 2(oo) — n i x i ■ D 

Denote by A_ and A + the graphs of the immersions D c ->- PL P and J) ^ 
Pi. °->- P, respectively. 

Lemma 9.6. Lei £ 6e the universal family on P 1 x P. Then 

det£\ VxP ~ 3xP (A_ + A+) 

Proof. We have a canonical map p*Opi(— 2) — > £ (recall the modular description 
of P). On the other hand, we have an adjunction morphism p^S' — > £ (recall that 
the fiber of p%6' is P°(P 1 ,L)). These maps give rise to a mapp*0 P i(— 2) ^p^S' 
det£, and it vanishes exactly over the graph of p. Restricting to D x P we obtain 
the result. □ 

Note that C[35] x -torsors on a scheme Y are the same as ©-families of line bundles 
on Y (i.e., line bundles on J) x Y). Indeed, a line bundle on J) x Y is the same as 
a rank one locally free module over CpD] <E>c Oy. Such modules are in one-to-one 
correspondence with torsors over the sheaf (C[S)] (g>c Oy) x . 

Thus rj un i V and n' univ can be viewed as line bundles onSx Bun(-l). Clearly, r] un i V 
is a subbundle of £| 3x Bmi(-i), and if univ = (C\x>xBun(-i))/Vuniv 

Proposition 9.7. (a) The pullback of r\ U mv to 2) x P is Oj) X p(A+). 

(6) The pullback of n' univ to £> x P is p|(Op(2(oo) - £ n^r)) ® S xp(A_). 

Remark 9.8. The asymmetry is due to the choice of one of two torsors P — > 
Bun(-l). 

Proof. Note that n*-n univ ® ^*r)'univ = det£|s x p, thus (jaj) follows from (jb| and 
Lemma l9~6l Let us prove (jb| . The proof is essentially a family version of Lemma l9"Tl 
As in the proof of Lemma \9. 61 we get a map 5 := p^S' — > C Restricting this to 
J) x P and composing with the natural projection we get a map 

S\vxP ->• Vuniv • 

We need to show that it vanishes exactly on A_. Clearly, this map vanishes on 
S C D x P if and only if <5 — > C factors through r/ un i V over 5". One checks that this 
happens if and only if 5(— (2) x P)) -> £(— (S x P)) £,,„,„„ vanishes over 5. Let 
us show that 5 C A_ in this case (we leave the converse to the reader). 

We see that the rank of ip' : 6 {—(S3 x P)) ©pfO P i(— 2) -t C Vuntv drops on S. 
Recall the modular definition of p: its graph is given by the scheme, where the 
rank of tp' drops (cf. proof of Proposition ^. 10[ Step 5). Thus S C A_ U A + . But 
the kernel of ip' is 8 (-(S3 x P)), thus in fact S C A_. □ 
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Now let us be explicit about what we need to calculate: ir*ri un i V and it*rj' univ 
correspond to classes [7T*r] un i v ], [n* r)' univ ] £ x P,0^ xP ). There is a natural 

map dlog : 0£ xP -> p%ti P : / i-> f~ 1 d P f. Applying this map to [ir*r) univ ] 
and ["K*r)' univ ] we get elements of if 1 (P, fip) <S>c 0®. The TDO ring n"Dsm(-i),a 
corresponds to an element of H 1 (P,tip) given by 

(dlog[7r*77, m „], (at)) + (dlog[7r* rj' unlv }, {a-)), 

where 

(■, ■> : H\P, n P ) <g> o s ® ol -> h^p, n P ). 

Choose local parameters Zj at Xj G P 1 . Then we obtain an isomorphism = 
Jli C[u>i]/u>™\ Recall the description of H 1 {P,tip) given in Lemma 1270 An easy 
calculation shows that 

dlog (pi,{2(oo) - y^n,^-)) = (0,njdrj/,Zj) ® 1®, 

dlog(CW(A_)) = flso, , 

V z.-w.J 

dlog(CW(A+)) = (l^-^O 

( *3* should be expanded in the powers of u^). Further, 

{(0, rii dzi/zi) <g> l s , (a£")) = (0,niAdz 4 /zj), 

((■•■-j^;) ■(«*-))- (*■-.->■ 

Note that collections (a^ ) in the left-hand side are viewed as elements of Oj, , while 
in the right-hand side they are polar parts of 1-forms. 

Applying the previous proposition and recalling that A + f res af = —d, we 
see that the element of H 1 (P, tip) corresponding to Tr*1>Bun(—i),a is 

(—d, aj - a~ + n^Azi/zi). 

It remains to notice that fif correspond to the same element of H 1 (P,tip), cf. 
Lemma 12.11 

9.4. Step 3: A4 a — Mp- This isomorphism is provided by Katz's middle convo- 
lution. It is defined in [Kat] in the settings of ?-adic sheaves; see |Sim4j or |Aril] 
for the settings of dc Rham local systems. Here is an explicit description of the 
isomorphism. 

Fix oo £ P 1 — T). There is a unique 1-form a on P 1 —2) — {oo} such that a + a~ is 
non-singular at Xi and a has a pole of order one at oo. Similarly, there is a unique 
1-form |3 on P 1 - 33 — {oo} such that j3 + (3~ is non-singular at Xi and j3 has a pole 
of order one at oo. Note that reSoo a = J^. res a~ — A and reSoo ft = —A. 

Fix (L, V) £ M a . The connection 

V + a : L -» L ® fi P i (33 + (oo)) 
has formal type (0, af — a~) at Xi. Let Lclbe the largest subsheaf such that 

(V + a)(L) C L ® P i (oo). 
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Explicitly, L is the modification of L with respect to one of two parabolic structures 
on L induced by V. Precisely, this parabolic structure r\ is such that the polar part 
of V induces multiplication by a_ on r\ (cf. Corollary 14.4)) . 

Consider on P 1 x P 1 the differential 1-form Adlog(ir — y), where x and y are the 
coordinates on the first and second factors, respectively. The preimage p\L carries 
a flat meromorphic connection p^V; let us equip p\L with the flat meromorphic 
connection 

p{\7 + p{a + Adlog(a; - y). 

Denote the 'horizontal' and 'vertical' parts of this connection by V x and V y . We 
then obtain an anti-commutative square 

p*L — Vm > p*L ® p*f2 P i (A) 

(9.3) v„j v y | 

p{L ®p2f2pi(A + P 1 x {oo}) — plL®plQ. ¥ i ® p^pi (2A + P 1 x {oo}). 

Consider the complex 

T* := (p*L — ^=-> p*L<g>p*n r -L (A)) 

of sheaves on P 1 x P 1 . The differential is p^Opi-linear, so the direct image 
Rp2,*J r * makes sense as an object in the derived category of Opi-modules. It is 
easy to see that R°p2 : *J c ° = R 2 p2,*J-' = 0. Now the Euler characteristic argument 
shows that Rp 2 ^J r * [1] is a locally free Opi-module of rank two; let us denote it 
by E. 

Similarly, consider the complex 

J-'(A) = (pJL(A) — ^ plL<E) P in P i(2A)). 

Then Rp2.*J- m (A)[l] is a locally free Opi-module of rank two; let us denote it by E. 

The natural morphism J-' <—} J-'(A) induces a homomorphism i : E — > E. 
Recall that 

ppi xP i(*A)/Ppi xP i((*-l)A) « (AA)*T P ? fc . 
Thus we have an exact sequence of complexes 

-> J"' -> J"* (A) -> (t A )*(£®^pi -> L®%i) -> 0. 

One checks that the differential in the rightmost complex is induced by the natural 
inclusion L L. Thus i is an embedding, and Coker(i) ~ O^. We can thus 
identify E with an upper modification of E. 

Finally, note that diagram (|9.3I) provides a C-linear map V ' e ■ E — > S(8>f2pi(oo). 
Clearly, Vg satisfies the Leibnitz identity. We view as a connection on E with 
poles at 33 U {oo}. 

Proposition 9.9. The formal type of ' V e at Xi is (0,/3 4 + — (3~), and the residue 
o/Vb at oo is —A. In other words, (E,V e ~ P) G -Mp. The correspondence 

(L,V)^(E,V E -f3) 

is an isomorphism M a ^> M.p. 

We shall prove a slightly weaker statement, which is sufficient for our purposes. 
Namely, we prove that (£7, Vg) has the described formal types after a modification. 
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Proof. Let T) v i tX be the TDO ring corresponding to A e C = H l (¥ l , Q P i). For 
fX,V) £ M a consider the D P i jA -module J\*(L, V + a), where j : P 1 -(3)Uoo) =-> P 1 
is the natural inclusion. Note that it has no singularity at oo because of the twist 
by A. 

As explained in |Aril[ §6.3], the Katz-Radon transform gives an equivalence 
$H : 2)pi.A — mod — > D v i_\ — mod and it is easy to see that it is compatible with 
our construction in the sense that 

y^{j<.*J*(L, V + a)) = ]wf(E, Ve). 

(The proof is similar to |Ari21 Lemma 13].) 

Let <& Xi be the functor of vanishing cycles as defined in [Aril] . We get 

^ Xi (3i*f(E,V E )) = $ Ki 9ti>*j*(L,V + a)) =m(x u x i )$ XiJlt f(L ) V + a) = 
Vt(Xi,Xi) (Op,d + af - ar) = (Op, d + af - a~ + riiX). 

Here Di(xi,Xi) is the local Katz-Radon transform, the second equality is |Aril[ 
Corollary 6.11], the last equality is |Aril[ Theorem C]. Now it is easy to see that 
j\*f(E, We) has required singularities. 

It follows that the formal type of Vb at x% is (mi,fif — (3~ + m£), where mj, 
and are integers. Thus (E, Ve — (3) becomes a connection in AAp after a suitable 
modification. 

Note that the construction of (E, V e~ ft) works in families as well. Since formal 
normal forms of connections exist in families, after a suitable modification we get a 
morphism Ai a — > M.p. If we do the same construction with a and /3 switched and 
use the inverse Katz-Radon transform, we get a morphism Mp — > M a . It is easy 
to see that these morphisms are inverse to each other. □ 

This completes the proof of Theorem [3] 

References 

[AB] Dmitry Arinkin and Roman Bczrukavnikov. Perverse coherent sheaves. arXiv:0902.0349. 
[AL] Dmitry Arinkin and Sergey Lysenko. Isomorphisms between moduli spaces of SL{2)- 

bundles with connections on P 1 \ {xi, . . .,Xi}. Math. Res. Lett., 4(2-3):181-190, 1997. 
[Alp] Jarod Alper. Good moduli spaces for Artin stacks. arXiv:0804.2242. 
[Aril] Dmitry Arinkin. Fourier transform and middle convolution for irregular D-modules. 

arXiv:0808.0699. 

[Ari2] Dmitry Arinkin. Orthogonality of natural sheaves on moduli stacks of SL(2)-bundles 
with connections on P 1 minus 4 points. Selecta Math. (N.S.), 7(2):213-239, 2001. 

[Ati] Michael F. Atiyah. Complex analytic connections in fibre bundles. Trans. Amer. Math. 
Soc, 85:181-207, 1957. 

[BB1] Alexander Beilinson and Joseph Bernstein. A proof of Jantzen conjectures. In /. M. 

Gelfand Seminar, volume 16 of Adv. Soviet Math., pages 1-50. Amer. Math. Soc, 
Providence, RI, 1993. 

[BB2] Roman Bczrukavnikov and Alexander Braverman. Geometric Langlands correspondence 
for D-modules in prime characteristic: the GL(n) case. Pure Appl. Math. Q., 3(1):153- 
179, 2007. Special Issue: In honor of Robert D. MacPherson. Part 3. 

[BK] Igor Burban and Bcrnd Kreussler. Fourier-Mukai transforms and semi-stable sheaves on 
nodal WeierstraB cubics. J. Reine Angew. Math., 584:45-82, 2005. 

[BZN] David Ben-Zvi and Thomas Nevins. From solitons to many-body systems. Pure Appl. 
Math. Q., 4(2, part 1):319-361, 2008. 

[CB] William Crawley-Boevey. Indecomposable parabolic bundles and the existence of ma- 
trices in prescribed conjugacy class closures with product equal to the identity. Publ. 
Math. Inst. Hautes Etudes Sci., (100):171-207, 2004. 



D. ARINKIN AND R. FEDOROV 

Roman M. Fcdorov. Algebraic and hamiltonian approaches to isostokes deformations. 
Transform. Groups, 11(2):137-160, 2006. 

Edward Frenkcl and Benedict Gross. A rigid irregular connection on the projective line. 
Annals of Mathematics. arXiv:0901.2163. 

Edward Frenkcl. Recent advances in the Langlands program. Bull. Amer. Math. Soc. 
(N.S.), 41(2):151-184, 2004. 

Edward Frcnkel. Ramifications of the geometric Langlands program. In Representation 
theory and complex analysis, volume 1931 of Lecture Notes in Math, pages 51-135. 
Springer, Berlin, 2008. 

Alexander Grothcndicck. Elements de geometrie algcbrique. II. Etude globalc 
elementaire de quelques classes de morphismes. Inst. Hautes Etudes Sci. Publ. Math., 
(8):222pp, 1961. 

[EGAIII] Alexander Grothcndicck. Elements de geometric algcbrique. III. Etude cohomologiquc 
des faisceaux coherents. I. Inst. Hautes Etudes Sci. Publ. Math., (11): 167, 1961. 

[EGAIV] Alexander Grothcndicck. Elements de geometric algebrique. IV. Etude locale des 
schemas et des morphismes de schemas. II. Inst. Hautes Etudes Sci. Publ. Math., 
(24):231pp, 1965. 

[Har] Robin Hartshorne. Algebraic geometry. Number 52 in Graduate Texts in Mathematics. 
Springer- Verlag, New York-Heidelberg, 1977. 

[Kat] Nicholas M. Katz. Rigid Local Systems, volume 139 of Annals of Mathematics Studies. 
Princeton University Press, Princeton, NJ, 1996. 

[Lys] Sergey Lysenko. Orthogonality relations for two kinds of local systems on P 1 . Unpub- 
lished. 

[GIT] David Mumford, John Fogarty, and Frances Kirwan. Geometric invariant theory. Third 
edition, volume 34 of Ergebnisse der Mathematik und ihrer Grenzgebiete (2) [Results 
in Mathematics and Related Areas (2)]. Springer- Verlag, Berlin, 1994. 

[Mihl] Alcxandru Mihai. Sur le residu et la monodromie d'une connexion meromorphc. C. R. 
Acad. Sci. Paris Ser. A-B, 281(12):Aii, A435-A438, 1975. 

[Mih2] Alcxandru Mihai. Sur les connexions meromorphes. Rev. Roumaine Math. Pures Appl., 
23(2):215-232, 1978. 

[Mum] David Mumford. Abelian Varieties. Number 5 in Tata Institute of Fundamental Research 

Studies in Mathematics. Oxford University Press, London, 1970. Published for the Tata 

Institute of Fundamental Research, Bombay. 
[Nev] Thomas Nevins. Mirabolic Langlands duality and the quantum Calogero-Moser system. 

Transform. Groups, 14(4):931-983, 2009. 
[OO] Yousukc Ohyama and Shoji Okumura. A coalcsccnt diagram of the Painlcvc equations 

from the viewpoint of isomonodromic deformations. J. Phys. A, 39(39):12129-12151, 

2006. 

[Siml] Carlos T. Simpson. Nonabclian Hodge theory. In Proceedings of the International Con- 
gress of Mathematicians (Kyoto, 1990), volume I, II, pages 747-756. Math. Soc. Japan, 
Tokyo, 1991. 

[Sim2] Carlos T. Simpson. Moduli of representations of the fundamental group of a smooth 
projective variety. I, II. Inst. Hautes Etudes Sci. Publ. Math., (79, 80):47-129, 5-79, 
1994, 1995. 

[Sim3] Carlos T. Simpson. The Hodge filtration on nonabclian cohomology. In Algebraic 

geometry — Santa Cruz, 1995, volume 62, Part 2 of Proc. Sympos. Pure Math., pages 

217-281. Amer. Math. Soc, Providence, RI, 1997. 
[Sim4] Carlos T. Simpson. Katz's middle convolution algorithm. Pure Appl. Math. Q., 

5(2):781-852, 2009. Special Issue: In honor of Friedrich Hirzebruch. Part 1. 
[ST] Paul Seidcl and Richard Thomas. Braid group actions on derived categories of coherent 

sheaves. Duke Math. J., 108(1):37-108, 2001. 
E-mail address: arinkinaemail.unc.edu 

Department of mathematics, University of North Carolina, Chapel Hill, NC 
E-mail address: fedorov3bu.edu 

Mathematics & Statistics, Boston University, 111 Cummington St, Boston, MA 



46 

[Fed] 
[FG] 
[Frel] 
[Frc2] 

[EGAII] 



